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tan peck hiah 


tan A+ tan B+ tan C = tan A tan B tan C 
(A+B+C= 180°) 


tan A +tan(A + 120°) + tan(A + 240°) = 3 tan(3A + 360°) 
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Preface 


Many students find “Trigonometry” to be a difficult topic in a diffi- 
cult subject “Math”. Yet most students have no difficulty with com- 
puter games, and enjoy playing them even though many of these 
games have lots of pieces to manipulate, and are subjected to com- 
plex rules. For example, a simple game like “Tetris” has seven differ- 
ent pieces; and the player has to orientate and manipulate each piece 
in turn, as it falls. The objective is to construct a solid wall with all the 
random pieces — and to do it, racing against the clock. 

“Trigonometry”, or “Trig” for short, can be thought of as an intellec- 
tual equivalent of “Tetris”. There are six main pieces to manipulate. Three 
of them, sine, cosine, and tangent, are most important — that is why this 
branch of Math is called Trigonometry; the “tri” refers to three functions, 
three angles and three sides of a triangle. And there is only one simple rule 
— Logic. Trig can be thought of as a game that involves the logical manip- 
ulation of various trig pieces to achieve different identities and equations, 
and to solve numerical problems. 

Trig can also be viewed as a non-numerical equivalent of the number 
game “Sudoku”. The logic and the arrangement of the digits 1 to 9, is now 
applied to the six trig pieces — sine, cosine, tangent, cosecant, secant and 
cotangent. 

Tetris and Sudoku are both simple games that give lots of fun and 
pleasure. Trig is also a simple game, but with a vital difference — 
knowledge of it has invaluable applications in Math, surveying, building, 
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navigation, astronomy, and other branches of science, engineering, and 
technology. 

Adults, children and students can play Sudoku and Tetris for hours on 
end. So they should have little difficulty playing “Trig”, if they derive 
similar fun and pleasure from it. 


Albert Einstein said: 


“Everything should be made as simple as possible, 
But not simpler”. 


This book seeks to make Trig as simple as possible, by treating it as a 
game — albeit, an intellectual game — as interesting and stimulating as 
Tetris and Sudoku. Mastering of Trig will not only give mental and intel- 
lectual satisfaction and pleasure, but it will also lead to beneficial results in 
one’s future career and life. 

This book is the third math book* that I have written for my two grand- 
children, Kathryn and Rebecca, ages 5 and 7, respectively. The challenge 
that I set for myself here is to explain Trig so simply that my seven-year- 
old granddaughter, Rebecca, can understand it. Indeed she has been able to 
do some of the “Level-One-Games”. My hope is that in the coming years 
both Kathryn and Rebecca would be able to play the “Level-Two-Games” 
and the “Level-Three-Games” in this book also. 

I thank Lim Sook Cheng and her excellent team at World Scientific 
Publishing for the production of this book; and Zee Jiak Gek for her metic- 
ulous reading and critique of all the details in the manuscript. 


* The other two books are “ The Pleasures of Pi,e and Other Interesting Numbers”, 
and “Are You the King or Are You the Joker?”. 
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Introduction 


The approach taken in this book is to treat Trig as a game. Beginning with 
only the definition of sine, the superstar of Trig, the book introduces the 
reader slowly to the basics of Trig. Then, by applying simple logic, the two 
co-stars, cosine and tangent, are introduced. 

Thereafter three supporting starlets, named the reciprocals — cosecant, 
secant and cotangent — are added. With these six pieces, the application 
of simple logic, arithmetic and algebra will give countless Trig equations 
called identities. Played like jigsaw puzzles, Tetris and Sudoku, moving 
the Trig pieces around to give different identities can be a lot of fun. 

As with other games and puzzles, practice can lead to greater skill and 
mental agility. About 300 games (proofs) are provided in this book to give 
fun (and confidence) to readers who want to try their hands (and work 
their brains) on these intellectual games. The numerous games are broadly 
grouped into three overlapping levels — Level-One-Games (Easy Proofs), 
Level-Two-Games, (Less-Easy Proofs) and Level-Three-Games (Not-so- 
Easy Proofs). 

For the first time ever, a “Concordance of Trigonometric Identities” 
has been created. Trigonometric identities are given a 6-digit code, which 
enables readers (and students) to have easy reference to the identity to be 
proved, and to locate rapidly the proof in the Encyclopedia of Trigonomet- 
ric Identity Proofs (TIPs) in the Appendix. 

Readers are welcome to look at the identities in the Concordance first, 
and try their hand at proving any of the identities, prior to looking at the 
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detailed proofs in the Encyclopedia. (Some identities which may appear 
simple, may be difficult to prove; conversely, some complex-looking iden- 
tities may turn out to be relatively easy!) 

The games provide the challenge to readers to match their skills, and 
progress up the ladder of increasing intellectual agility. If you are really 
good in Trig, then the speed of proving the identities is the speed with 
which you write out the proofs, i.e. your brain works faster than your brawn 
(hand). 

Have fun with Trig! 


Trig — Level One 
The Basics of Trigonometry 


180° < 
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Acute Angles 


Obtuse Angles 


The Basics of Trigonometry 3 
Measuring Angles 


“The sun rises in the east, and sets in the west’. Similarly, the measur- 
ing of angles begins “in the east” (0°), goes counterclockwise, up into the 
overhead sky at noon (90°) and sets in the west (180°). 

People in many ancient civilisations (including the Babylonians, 
Mesopotamians and the Egyptians) used a numbering system based on 60 
called the sexagesimal system. This resulted in the convention of 360° 
(60° x 6) for the angle round a point. This convention for measuring 
angles continues to the present day, despite the widespread use of the 
metric system based on decimals (10’s). Another sexagesimal legacy from 
the past is the use of 60 seconds in a minute, and 60 minutes in an hour. 
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Sine 


Opposite 
side of 
angle A 


Opposite 
Hypotenuse 


sine A = 


sin A = oO 
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Sine 


Over the centuries, many civilisations used calculations based on right- 
angled triangles and the relationships of their sides for various purposes, 
including the building of monuments such as palaces, temples, and pyra- 
mids and other tombs for their rulers. Some of these mathematical tech- 
niques were also applicable to the study of the stars (astronomy) which led 
to calender making. 

The origins of Trig are lost in the mist of antiquity. One of the earliest 
recorded reference to the concept of “the sine of an angle” — “jya’”” — was 
found in a sixth century Indian math book. This word was later translated 
into “jiba” or “jaib” in Arabic. A further translation into Latin converted 
the word into “sinus”, meaning a bay or curve, the same meaning as “jaib”. 
This was further simplified in the 17th century into English — “sine”, and 
abbreviated as “sin” (but always pronounced as “SINE” and not “SIN”.) 


Sine is simply the name of a specific ratio: 
Geof anaiee (i= length of the opposite side of angle (A) 
length of the hypotenuse 


This definition is often abbreviated to 


O 
sin A = — 
H 


You cannot do Trig if you cannot remember the definition of sin! There 
are many simple ways of remembering. How about: 


1. O/H lang SINE?* 
2. O/H, it’s so SINple? 


Can you create your own mnemonics? 


*Sounds like “Auld Lang Syne”, the universally popular song sung at the stroke 
of midnight on New Year’s Day. 
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Adjacent side of angle A 


Adjacent 
cos A = ———___ 
Hypotenuse 


Tangent 


Opposite side 


of angle A 


Adjacent side of angle A 
Opposite 
tanA = bad dita 
Adjacent 
— O 
A 
(ane sinA 
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Cosine and Tangent 


The complementary angle to the angle A in a right-angled triangle is the 
third angle, with the value of (90 —A)°, because the three angles of a tri- 
angle sum to a total of 180°. The term “co-sine” was derived from the 
phrase “the sine of the complementary angle” 


co-sine A = sine of complementary angle of A 
= sine(90 —A)° 


__ length of the adjacent side of angle A 


“COSA 
length of the hypotenuse 


Tangent* is defined as the ratio of sin A/cos A 


sin A 


-.tanA = 
cos A 


FIO Bl >l10 


*This ratio (tangent) should be distinguished from the line which touches a circle, 
which is also called tangent in geometry. 
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Reciprocals 
1 
cosec A = — 
sin A 
1 
secA = 
cos A 
1 
cotA = 


The Basics of Trigonometry 9 
Reciprocals 


The superstar “sin” and its two co-stars (cos and tan) make up the three key 
players in Trig. Their definitions and their relationships are essential for all 
problems in Trig. Hence it is important that they be committed to memory. 

Three more trig terms — the supporting cast — are also used. These 
are known as the reciprocals, and are best remembered as the reciprocals 


of sin, cos and tan. 


= cosec A (cosecant) 


=secA (secant) 
cos A 


=cot A cotangent 
tan A ( ey 
These reciprocals are rarely used in applications in science, engineering 
and technology. But for intellectual gymnastics (and in examinations!), 
these reciprocals are often used in equations and identities. 


The Basics of Trigonometry 11 
Pythagoras’ Theorem* 


The most well-known theorem in Math, which practically every student has 
learnt, is the Pythagoras’ Theorem, named after the Greek mathematician 
Pythagoras (~580-500 BC). 

This theorem states that in a right-angled triangle, the square of the 
hypotenuse (the longest side) is equal to the sum of the squares of the 
two other sides. This lengthy statement can be represented accurately in 
mathematical terms: 


a+b =c 
where a and b are lengths of the two sides, and c is the length of the 


hypotenuse, the side facing the right-angle. 
The most famous right-angled triangle is the “3-4-5 triangle”: 


744 = 5 
(9+ 16 = 25) 


A less famous sister is the “5-/2-/3 triangle” (5° + 12? = 137; 
25 + 144 = 169). 

Recent research has shown that many civilisations, including the Baby- 
lonian, the Egyptian, the Chinese and the Indian civilisations, indepen- 
dently knew about the relationship between the squares of the three sides 
of the right-angled triangle, in some cases, centuries before Pythagoras was 
born. (This illustrates a truism in Math, that often, your discoveries based 
on your own efforts, may have been preceded by others. However this does 
not diminish in any way, the pleasure, excitement and sense of achievement 
that you experienced — the so-called “eureka effect’. Indeed, it proves that 
you have a mathematical mind, capable of the same deep thoughts as the 
ancient heroes of Math.) 


*A theorem is simply a mathematical statement whose validity has been proven 
by meticulous mathematical reasoning. 
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Trig Equivalent of Pythagoras’ Theorem 


sin A 


cosA 


sin? A + cos? A= 1 
sin? A =1-cos2A 


cos? A=1-sin2A 
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Trig Equivalent of Pythagoras’ Theorem 


One of the most important of Trig identities* is the trig equivalent of the 


Pythagoras’ Theorem. The proof is simple: 
; a b 
sn A = — cos A = — 
c c 
2 2 
b 
sin*?A +cos”A = _ =a 
cee 
ae 
= e by Pythagoras’ Theorem 
Pe) e+P=ac 
=1 


sin?A +cos2A = 1 


A simpler visual proof can be obtained by using a special right-angled 


triangle with a hypotenuse of unit 


length (1). 


Then the length of the opposite side is now equal to sin A, and the 


length of the adjacent side is equ 
by Pythagoras’ Theorem: 


sin? A 4 


sin? A 4 


al to cos A (see figure opposite). Then 


-cos*A = 17 


-cos*A = 1. 


This unity trig identity is the simplest and the most important of all trig 


identities. It is also extremely useful in helping to solve trig problems. 


Whenever you see sin” A or cos” A, always consider the possibility of using 


this identity to simplify further. 


*An identity is a mathematical equation that is true for all values of the angle A. It 
does not matter whether A = 30°, 60°, 90° etc, whether it is acute or obtuse, etc. 
The symbol (=) is used to show that the two sides of an equation are identical. 
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We can also derive two other identities: 
dividing sin*A  cos?A 1 
by sin?A sin?A_sin?A_sin?A 


1+ cot?A = cosec?A 
dividing sin? A ‘ cos*A 
by cos?A cos*A_ cos*A  cos*A 


tan2A +1 = sec7A. 


After this simple introduction, you are now ready to play Level-One- 
Games (Easy Proofs), some of which seven-year-old Rebecca could play. 

The general approach for playing the games (proving the identities) 
is to: 


1. start with the more complex side of the identity (usually the left hand 
side (LHS)); 
2. eyeball the key terms, and think in terms of sin and cos of the angle; 


io) 


. engage in some mental gymnastics — rearranging and simplifying; 
4. whilst at all times, keeping the terms in the right hand side — the final 
objective — in mind. 


Like a guided missile, your logic and math manipulation of the LHS 
should lead you to zoom in to the RHS. 


Have Fun! 


Trig — Level Two 


Compound Angles 
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Sine of (the Sum of Two Angles) 


sin(A +B) = sinA cos B+cosA sin B 
Substituting B = A, 
sin(A +A) = sinA cosA+cosA sinA 
*, sin 2A = 2 sin A cos A (Double Angle Formula) 
Substituting A with (A/2), 


: A _A A 
sin 2 (5) = 2 sin; cos 5 


A A 
* sinA = 2 sin 5 cos 5 (Half Angle Formula) 


Sine of (the Difference of Two Angles) 


Substituting B in the first equation by (—B), 
sin(A + (—B)) = sin A cos(—B) + cos A sin(—B) 
. sin(A — B) = sin A cos B—cosA sin B 
since cos(—B) = cos B 


and sin(—B) = —sinB 


See Proof in Addenda p. 395 


Compound Angles 17 
Sine of the Sum and the Difference of Angles 


This is the beginning of Level-Two-Games. The sin of compound angles 
(i.e. angles that are the sum or the difference of two other angles) can be 
expressed in terms of trig functions of the single angles. 

For example, sin of (A + B) can be expressed as a combination of the 
sum and products of the sin and cos of A and B separately. Similarly, since 
we know that sin(—A) = —sin A, and cos(—A) = cos A, we can derive 
sin(A — B). By judicious substitution (using B = A), sin(A + B) can be 
changed to sin 2A and then into sin A (using A = 2(A/2)). 

In earlier days, before calculators and computers were available, knowl- 
edge of the trig functions of compound angles was invaluable in practical 
workplace calculations. Knowing the basics for 0°, 30°, 45°, 60° and 90°, 
one could work out the values of trig functions of 15° and 22.5° and other 
such angles by way of these functions. In those days, Trig was both “pure 
math” and “applied math’, useful in many professions involving science, 
engineering and architecture. 

Today, where the pressing of a few buttons on a calculator or computer 
will give answers for all such calculations, Trig is largely “pure math’ — 
a mental pursuit, an intellectual game. 

But what a beautiful game it is, especially when you are immersed in 
the proving of the vast number of identities! 
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Cosine of (the Sum of Two Angles) 


cos(A +B) =cos A cos B— sinA sin B Note the minus 
sign on the RHS, 


even though the 
sign on the LHS 


is plus 
Substituting B = A, 
cos 2A = cos”A — sin’ A (Double Angle Formula) peas 
spc = 
=2cos*A—1 : 


ost =] 
=1-—2sin*A and c2 =1—s? 


Substituting A with (A/2), 


A A A 
cos 2 (3) - = cos” oe sin? 5 


A A 
.cos A = cos* ae sin? 7 (Half Angle Formula) 


A 
= 2cos*>—1 


A 
= 1—2sin? — 


Cosine of (the Difference of Two Angles) 


Substituting B in the first equation by (—B), 


cos(A + (—B) 
*. cos(A —B 
since cos(—B 


and sin(—B 


cos A cos(—B) — sin A sin(—B) Note the plus 


sign on the RHS, 
=cosAcosB+sinA sin B 


even though the 
cos B sign on the LHS 
is minus 


i= 
= 
ie 
es 


—sinB 


See Proof in Addenda p. 397 
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Cosine of the Sum and Difference of Angles 


Cos functions require special attention as occassionally they act in a con- 
trarian, counter-intuitive manner — this arises largely from the fact that 
cos(—A) = cos A. 

This is the first function where such counter-intuitive behaviour of cos 
shows itself. 

Although the LHS of the cos function is for the sum of two angles, the 
RHS shows a difference of the two products. Students are usually careless 
and are not sufficiently sensitive to such minor (???) intricacies in Math. 
Unfortunately such minor (???) inattention can be very costly in examina- 
tions because they lead to wrong answers and major (???) losses in marks! 
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Tangent of (the sum of Two Angles) 


tan(A +B) = pean Note the minus 

1 —tan A tan B sign in the 
denominator on 
the RHS, even 
though the LHS 
has a plus sign! 

Substituting B = A, 
2tanA 
tan 2A = ———— (Double Angle Forumla) 
1—tan?A 


Substituting A with (A/2), 


A 
A 2 tan 5 
tan2(— ) — —___ 2 (1) 
2 1 — tan? = 
2 
A 
2 tan — 
* tanA = = (Half Angle Formula) (2) 


1 — tan? — 
an 5) 


Tangent of (the Difference of Two Angles) 


Substituting B in the first equation by (—B), 


tan A + tan(—B) 
tan(A + (—B)) = ——————_— 
mee) 1 —tan A tan(—B) 


tan A — tan B 
<md=p)2 
1+tanA tan B 

since tan(—B) = —tan B 


See Proof in Addenda p. 398 


Note the plus sign 
in the denomina- 
tor on the RHS, 


even though the 
LHS has a minus 
sign! 
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Tangent of the Sum and the Difference of Two Angles 


The tan formulas for the sum and difference of two angles derive directly 
from the sin and cos formulas. The double angle formula, tan(2A), and 
the half angle formula, tan A, have proven to be extremely valuable in 
many mathematical proofs, and have resulted in sophisticated methods for 
the calculation of 7 to a large number of decimal places. (Would you 
believe that 7 has been calculated to 1.24 trillion decimal places — yes, 
1,240,000,000,000 decimals?) 
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Summary of Trig Functions for Compound Angles 


sin(A +B) =sin A cos B+cosA sin B 


sin 2A =2 sinAcosA 


P htge A A 
sin A = 2 sin —cos — 
2 2 


sin(A — B) =sin A cos B—cosA sin B 


cos(A + B) =cos A cos B — sinA sin B 


cos 2A =cos?A —sin*A 


A A 
ple Seiiremer Oe? ile 
5) sin 


cos A = cos 
2 


cos(A — B) =cos A cos B+ sinA sin B 


tanA-+tanB 


tan(A + B) = ————____ 
an( ki ) 1—tanA tan B 


: (A B) tan A —tan B 
an — SS 
1+tan A tan B 
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The sin, cos and tan of compound angles, and their “double angle” and 
“half angle” formulas provide the basis for many of the Level-Two-Games. 
Together with the most important identity: 


sin?A +cos*A = 1, 


the 12 identities on the opposite page, make up the total of the key Trig 
functions. Most other Trig identities can be derived from these “12+ 1” 
key identities. 

The typical student (or Trig player) is expected to know these “12+ 1” 
key functions (very lucky if you know them instinctively, and very un- 
lucky if you don’t). With these “12+ 1” key functions, Level-Two-Games 
(Less-Easy Proofs) should prove to be easy also. 

Within Level-Two-Games, the proofs begin with the simpler ones and 
progress upwards in difficulty. 


Have Fun! 
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Trig — Level Three 
Angles in a Triangle 
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Special Trig Identities for All 
Three Angles in a Triangle 


a> 


A+B+C =180° A B,C _ agp 
2 2 2: 
C = 180°-(A+B) 
no 1G : a A+B 
sin C = sin (180° — (A+ B)) sin > = sin {90° — 5 
=sin(A+B) 
cos C =cos (180° — (A + B)) Sone oad, 
=-cos (A+ B) C aie 
cos — =cos (90° - (4=*)) 
2: 2 
. A+B 
= sin 
sin (A+ B+C) =sin 180°=0 
cos (A +B+C) =cos 180°= -1 


See Graphs on p. 42 


Angles in a Triangle 27 
Trig Identities Involving All Three Angles in a Triangle 
Some special trig identities apply only when all three angles in a triangle 
are involved. For such identities, the additional constraint of 
(A+ B+C) = 180° 


is a critical one. 

For such identities the relationship between the three angles is always 
necessary for simplification, and sometimes result in beautiful identities as 
seen in some of the examples in Level-Three-Games. 
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The Sum and Difference of Sine Functions 


sin(A + B) = sin Acos B+ cos Asin B 


sin(A — B) = sin Acos B—cos Asin B 


Adding the two equations: 


sin(A + B) + sin(A — B) = 2 sin Acos B 


Let (A+B) =S 


T —T _ Pp) 
sin S+sin T =2sin (=) a (S and (A—B) =T 
aust? 


Subtracting the second equation from the first: 


sin(A + B) — sin(A — B) = 2cosA sin B 


sin S— sin T = 2cos (=*) sin (=*) 
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The Sum and Difference of Sine Functions 


Often in Math, the addition or subtraction of similar equations, or the re- 
arrangement of sums and differences can lead to new insights and new 
equations which may be of special value. 

The equations in the earlier pages are the sin and cos formulas of com- 
pound angles. 

Here we are looking at the sum and difference of the trig functions 
of such compound angles, and after further simplification, we derive new 
relationships. Knowing these new relationships provide greater flexibility 
and agility in the manipulation of the trig building blocks, and enables new 
equations or identities to be proved. 
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The Sum and Difference of Cosine Functions 


cos(A + B) = cos A cos B — sinA sin B 


cos(A — B) = cosA cos B+ sinA sin B 


Adding the two equations: 


cos(A + B) + cos(A — B) = 2 cos A cos B Let (A+B) =S 


T —T _ Rp) 
cos §S+cos T = 2 cos (=) ae (- ) and (A—B) =T 


T 
mas 


Subtracting the second equation from the first: 


cos(A + B) —cos(A — B) = —2 sinA sin B 


SLT S—T Note th 
cos S—cos T = —2 sin (=) sin (=) od, os 


in front of 


the RHS 
terms 
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The Sum and Difference of Cosine Functions 


Similar addition and subtraction of the cos functions for compound angles 
give similar equations for the sum and difference of cos functions. 

While these functions were extremely useful before calculators and 
computers were available, they have fallen into disuse in modern times 
except for purposes of “examinations”, to test the student’s versatility. 

You are now ready to play Level-Three-Games — the “Not-So-Easy” 
Proofs.” 

Have Fun! 


“There are no simple sum and difference formulas for tan! 
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Practical Trig 


Numerical Values of Special Angles 


34 
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Numerical Values of Special Angles 


sin 30° = = cos 30° = ¥3 tan 30° = =o 
: 2 G 

’ 3 1 

sin 60° = —— cos 60° = —— tan 60° = 
42. F 
1 
sin 45° = ols cos 45° = te tan 45° = | 
2 V2 1 
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Numerical Values of Special Angles 


Five angles are of special interest in trigonometry — 0°, 30°, 45°, 60°, 90°. 


Therefore it is important to know them and to remember them. The proofs 


are visual (resulting from the Pythagoras’ Theorem), and are easy to follow 


(see figures on the opposite page). Written in the form of square roots, the 


ratios are easy to remember, beginning with sin 0° = 0, and cos 0° = 1. 


sin 0° =0 


sin 30° = 


sin 45° = 


Nie 
“lS eS 


sin 60° = 


sin 90° = 


cos 0° = 1 


cos 30° = 


Al w 


cos 45° = 


V3 
De 
v2 
3 


AlN 


1 
60° = - 
cos 5 


ALS 


cos 90° = 0 


tan 0° =0 


tan 30° = 


tan 45° = 


tan 45° = 3 


tan 90° (indeterminate) 


Both sin 0° and tan 0° are zero because the length for “opposite” is zero. 


cos 0° = | because the “adjacent” and the hypotenuse are identical. 


Similarly sin 90° = 1 because the “opposite” is coincident with the hy- 


potenuse; and cos 90° = 0 because the length of “adjacent” is zero. 


It is important to stress than tan 90° does not have a value (indetermi- 


nate); in Math, we refer to it as “tending to infinity” and write it as “— 0”, 
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All Values of Sin (0° — 360°) 


First Quadrant 
H 
O; 

A 
H 

A 
A3 

HY 


Second Quadrant 


O2 
2 
03 
A 


Aq 


wy Fourth Quadrant 


Third Quadrant 
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Values of Obtuse and Negative Angles 


Sine 


One of the potential obstacles to having fun with Trig games is discovering 
that not all trig functions are positive. Trig functions of angles larger than 
90° (obtuse angles) can sometime have negative values. 

One of the easiest ways to overcome these potential obstacles to have 
fun with Trig is to focus on the values of the sin function. Consider four 
angles A,, A,,A, and A, in the four quadrants, respectively: 


O aft 
First Quadrant:  sinA, = oles +ve 
H* +ve 
O +ve 
Second Quadrant:  sinA, = 7 = — =+Vve 
+ve 
O —ve 
Third Quadrant:  sinA, = a = — =~-—ve 
+ve 
O —ve 
Fourth Quadrant: sin A, = 77 = — =~ ve. 
+ve 


*The hypotenuse always has a positive value. 
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Value of Sine in the Four Quadrants 


The values of the sine of angles in the first and second quadrants (i.e. 
between 0° and 180°) are always positive as seen in the graph on the 
opposite page, rising from 0 for sin 0° to a maximum value of 1| for sin 90°. 

Similarly the values of the sine of angles in the third and fourth quad- 
rants (i.e. between 180° and 360°) are all negative, going to a minimum of 
—1 for sin 270°, and returning to 0 for sine 360°. 

The brain remembers pictures better than equations or words; so com- 
mit the graph on the opposite page to memory; and this would prove to be 
extremely valuable in solving trig problems. This graph is well-known in 
Math as “the sinusoidal curve” or the “‘sine curve’, for short. 

A quick sketch of the sinusoidal curve (done in 10 seconds) will provide 
a good guide for ensuring that the correct values of sine in the different 
quadrants are obtained. 

It is also important to remember that the sine of a negative angle is the 
negative of the sine of the angle. 


sin(—A) = —sin A. 
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Value of Cosine in the Four Quadrants 


Value of Tangent in the Four Quadrants 


96° 270° 
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Cosine and Tangent 


By similar consideration, the values of the cos and tan of angles in the 
four quadrants can be obtained. Again it is easier to remember the pictures 
(graphs on the opposite page). 

Always remember that cos 0° = 1, so the graph for cos always begins 
at 1, and go to —1 for cos 180°. (The cos graph for 0° to 360° looks like a 
hole in the ground). 

Again, remember: 


cos(—A) = cos A. 


The cos function has this unusual feature and hence cos functions need 
special attention (i.e. be extra careful with cos functions). 


For tan, the value goes from tan 0° = 0 all the way to the indeterminate 
value for tan 90°. Interestingly, the third quadrant is an exact replica of the 
first quadrant, and the fourth an exact replica of the second. 

Again, remember: 


tan(—A) = —tanA 
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sin 


:(180° +A) 


"ay 9° 18 
(180° — A) : 


COS | 


tan | 


(180° - A): 


(-A) 


0° 0 - 
(A) so 180° 180° +A) 


270° 


360° 
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It is very difficult to remember all the equations for calculating the dif- 
ferent values of sin, cos and tan of angles in all four quadrants, as well as 
the negative angles. 

Fortunately, the three pictures (graphs on the opposite page) enable easy 
derivation of their values based on their relation to their primary values in 
the first quadrant). Let us use an arbitrary angle (say 39°) to see how we 
can work out the correct values for angles in all the four quadrants. 


sin(—39°) = —sin 39° cos(—39°) = cos 39° 
pa 6) sin 141° = sin(180° — 39°) cos 141° = —cos(180° — 39°) 
= sin 39° = —cos 39° 
3 Q — sin(180° +39°) = —sin 39° cos(180° +39°) = —cos 39° 
4" Q  sin(360° — 39°) = —sin 39° cos (360° — 39°) = cos 39° 


tan(—39°) = —tan 39° 
and Q tan 141° = —tan(180° — 39°) 
= —tan 39° 
3% Q  tan(180° +39°) = tan 39° 
4" Q  tan(360° — 39°) = —tan 39° 
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The Concordance 
of 
Trigonometric Identities 


The six-digit code for the Concordance is based on the number of trig functions 
on the LHS of the identity e.g. 123 000 means that the LHS has | sin, 2 cos, 3 tan 
and no cosec, sec and cot functions. On the rare occasion when you cannot find 
the identity in the Concordance, use the functions on the RHS to determine the 
code. 
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sin 


© | cos 
tan 

© | cosec 
sec 


000004 


000010 


000011 


000020 
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2 cot A cot 2A =cot?A—1 


(1+ cot A)? + (1 —cot A)? = —~— 


cot*A + cot?A = cosec* A — cosec2A 


cotA+1  1+tanA 
cotA—1~ 1-—tanA 


1-co?A_ 2 
fos A-—cos°A 
cot?7A—1 


esta = ee 


cotA cot B— 1 


—————— =cot(A+B 
cotA+cot B colar ®) 


cotA cot B+ 1 
cotA —cot B 


= cot(A — B) 
2sec27A—1=1+2tan2A 
1+2sec?A = 2 tan2A +3 


cot A(sec?A— 1) =tanA 


sect —sec” A = tan*A + tan?A 


secA — 1—cosA 
1+secA sin?A 


1+secA cosA+1 
l1—secA  cosA-—1 


Page 


288 


233 


188 


110 


183 


315 


323 


274 


201 


128 


148 


157 


203 


79 


be ee 

28 83 3 8 
0000 2 0 
000101 
000110 
0002 0 0 
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sec2A 


—— =sec 2A 
2—sec2A 


I+secA  sin?A 
secA  1—cosA 


cosec?A —cot?A = 1 


sin A 


A—cotA = ——— 
cosec co Teco 


cosec* A — cot*A = cosec?A + cot?A 


cosec 2A —cot 2A = tanA 


cosecA—1 ~— cotA 
cotA — cosecA+1 


cosec A sec A = 2cosec2A 
cosec A sec A = tanA+cotA 


cosec? A + sec? A = cosec”A sec2A 


1 1 


i Be St 
sec2A a cosec2 A 


cosecA—1  1-—sinA 
cosecA+1 ~~ 1+sinA 


cosecA — 1—sinA 
l+cosecA cos2A 


cosec*A — cosec?A = cot*A +cot?A 
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Page 


295 


244 


312 


145 


219 


103 


299 


225 


270 


135 


186 


97 


109 


215 


158 
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cosec A cosec B 


cosA cot B—1 ere) 


sec A cosec A 
cosec2A _sec2A 
= (1+cotA-+ tan A)(sin A — cos A) 


sec A — cosec A ; 
————_ = sinA—cosA 
sec Acosec A 


tan2A + 1=sec?A 


m\  tanA—1 
4/ ~~ tanA+1 


+ cotA =2 cosec 2A 


+ cotA =cosec A sec A 


tan?A + cot?A + 2 = cosec2A sec2A 


2 
tan A-+cotA = ——— 
aes Ce sin 2A 


1+cotA 
ee Ses =cotA 
1+tanA 


2 —, 
cotA tan2A 


1 
tanA+cotA 


1 
3 (cota —tan A) =cot 2A 


Page 


273 


243 


113 


146 


300 


285 


306 


144 


101 


290 


152 


252 


163 


269 


sin 


cos 


tan 


cosec 
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————._ =sinA A 
tanA+cotA ays 


cot A(1 + tan? A) 


=tanA 
1+cot?A or 


sec 2A — tan 2A = tan(45° — A) 


cosA 


sec A —tanA = ————_ 
1+sinA 


1+sin2A 
4 4, _ 

A—tan*A = ——_— 
sec an Best 
1—sinA 


A—tan A)? = ———"* 
aa Mik PT 


tanA — secA+1 
secA—1  tanA 
tan Acosec A = secA 
tan? A(cosec*A —1)=1 


1 A 
cosec A+ cotA+tanA = avo 


cosec A 


—— =cosA 
cotA+tanA 


sec A + cosec A 


= A 
et cosec 


(tan A —cosec A)* — (cot A— sec A)” 


= 2(cosec A — sec A) 


sin A(4 cos” A — 1) 
cos A cos 2A 


tan A + tan 2A = 


sin A cosA 
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166 


180 


303 


218 


236 


230 


222 


104 


90 


131 


159 


162 


338 


337 
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sin 


© | cos 
tan 

© | cosec 
sec 


002001 


00200 2 


Trig or Treat 


tan(45° + A) tan(45° — A) 
= cot(45° +A) cot(45° — A) 


(1+ tan A)? + (1 —tanA)* = 2 sec?A 


1—tan2A 


_ 2 
Tinanta te A 


—tan?A 


———— =cos2A 
+ tan2A 


2tanA 


—— =sin2A 
i;@rA 


1+tanA_ cotA+l1 
l1—tanA~ cotA—1 


tan A(1 + cot? A) 
1+tan2A 


=cotA 


tan A(cot A + tan A) = sec*A 
(tan A + cot A)? — (tan A — cot A)* =4 


tanA+tan B 


————. = tanA tan B 
cotA+cot B 


tan A —cotA 


Jed 2 
———_ = sin*A—cos“A 
tanA+cotA 


cotA —tanA 


— = cos 2A 
cotA+tanA 


tan A—cotA 


cncreshs eee eta =I cin2 
tanA+cotA pe 


tan A —cotA 


a = 1-2 0c087A 
tanA+cotA 


Page 


326 


185 


247 


317 


316 


110 


178 


89 


182 


171 


189 


280 


239 


245 


sin 
cos 
tan 
cosec 
sec 
cot 


002120 


003000 


004000 
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cota tan A 


1—tanA | 1—cotA Pune et 


cota tanA 
1—tanA 1-—cotA 


+ sec Acosec A 


(sec A — tan A)(sec A+ tan A) = 1 


sec?A —tan2A + tanA 


=sinA A 
Soak sin A + cos 


tanA+secA—1 


——_——_——— = tanA+secA 
tanA—secA+1 


sec A sec B 


———-— = A-—B 
1+tanA tan B ) 


(secA —tanA)?+1 


——_____1___ =? tanA 
cosec A(sec A — tan A) 


tan A + tan(A + 120°) + tan(A + 240°) 
=3 tan 3A 


tan A +tan B +tan C = tan A tan B tanC 
(where A + B+C = 180°) 


3tanA—tan?A _ 


=tan 3A 
3k 
tanA 


tan 2A — tan A eases 


1—tanAtanB  cos(A+B) 
1+tanAtanB ~~ cos(A—B) 


tanA+tanB _ sin(A+B) 
tanA—tanB sin(A—B) 
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224 


220 


194 


192 


208 


272 


249 


391 


356 


325 


302 


277 


278 
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l+tanA I1-—tanA 


——_ + —————__ =2 2A 
l1—tanA 1-+tanA ies 


(tan A + tan B)(1—cot A cot B) 


+ (cot A + cot B)(1 —tanA tan B) =0 


2 cos*(45° —A) =1+sin2A 


1 
gl —cos 4A) = sin”A cos*A 


1—2cos?A =2sin?A—1 


2 ai 


——— =sec 
1+cosA 2 


2D, 7A 
——— =cosec* — 
1—cosA 2 


1—cot?A 
a a eo A= 
1+cot?A arian 
sec A —cosA =sinA tanA 


(1 —cosA)(1+sec A) = sinA tanA 


1+ 
1+cosA 


(cos A + cot A) sec A = 1+cosec A 


cos Acosec A = cotA 


cosecA — 1+cosA 
l1—cosA sin°?A 


Page 


332 


114 


307 


314 


149 


292 


291 


240 


143 


199 


160 


141 


83 


226 


sin 
— | cos 


tan 
— | cosec 
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cos A(cosec” A — cot”A) = cos” A 


cotA cosA 


————\— =sinA 
cosec2A — 1 


cosA tanA=sinA 

cos? A(1+tan?A) =1 
cos*A tanA = sin AcosA 
(1 +08 A)tan 5 =sinA 


(cos?A — 1)(tan?A-+1) =—tan*A 


1 


—_————— = 1 
cos? A(1 + tan? A) 


sec A —cosA 
tan A 


=sinA 


secA+tanA 


——————_ = tanAsecA 
cotA+cosA 


cos A tan Acosec A = 1 


cosec A 


——— =cosA 
cotA+tanA 


cos Acosec A a 
———— =cot"A 
tan A 


4cos?A —3 cos A =cos 3A 


A A 
cos 3A+ cos 2A = 2 cos “cos 


8cos*A —4 cos 2A —3 = cos 4A 
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Page 


150 


123 


82 


117 


86 


293 


122 


181 


207 


210 


85 


159 


126 


340 


358 


345 


56 


sin 


cos 


tan 


cosec 
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cosA+1_ 1+secA 
cosA—1- 1—secA 


1 1 
1—cosA = 1+cosA 


= 2 cosec”A 
Ss = (cosec A — cot A)? 
cos(A + B)cos(A — B) = cos” A — sin? B 
cos 4A +4 cos 2A +3 =8cos*A 
cos 2A — cos 10A 

= tan 4A(sin 2A + sin 10A) 
cos*A + cot Acos?A = cot? A 
cos A+ cos A cot?A = cot A cosec A 
cos A(sec A — cos A) = sin*A 


1—sec?A 


_ 3 
~~.) = . ae. a A 
(1 —cos A)(1+cos A) = 


secA—cosA __ sin?A 
secA+cosA  1+cos2A 


cosA cosA 
—————— + ——— =2tandA 
cosecA—1 cosecA+1 


cos? A +tan?A cos?A = 1 


A cos 2A A 
Ati ——— 4. = 
cosec A tan o seecd sin 5 


32 cos°A — 48 cos*A +18 cos?A— 1 
=cos 6A 


Page 


79 


176 


231 


308 


342 


383 


184 


147 


121 


179 


190 


205 


119 


328 


341 


sin 


w | COS 
tan 

© | cosec 
sec 


040000 
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cos 3A+2cos5A+cos 7A 
=4cos*A cos 5A 


cos(A — B) 


——_—— = 1+tanAtanB 
cosA cos B 


1—cos 2A +cos 4A — cos 6A 
=4sin A cos 2A sin 3A 


1+cos 2A +cos4A+cos 6A 
=4cosAcos 2A cos 3A 


cos(A + B) 
cosA cos B 


=1-tanAtanB 


cosA+cos3A _ ‘A 
PesaA 


cosA+cosB+cosC 


~A,. B.C 
=4sin—sin—sin—+1 
2: 2, 2 


(where A+ B+C = 180°) 


cos 4A — cos 8A 


—————\ = tan 2Atan 6A 
cos 4A + cos 8A 


cos 2A — cos 4A 


mbes ae 


cosA+cosB 
cos A—cos B 
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sin 


© | cos 
tan 

© | cosec 
sec 
cot 


100100 


101000 
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1 —2sin?A = 2cos2A—1 


sin A cos B cos C 


¥ +sin BcosC cosA 
sin(A+B+C)= 


+sinCcosA cos B 


—sinA sin B sinC 


sinA cotA =cosA 
(1 —sin*A) sec?A = 1 


secA — 1+sinA 
1—sinA cos?A 


sin A sec A = tanA 


1—sinA  cos?A 
secA  1+sinA 


cosec A —sinA =cotA cosA 
(1 — sin A)(1+cosec A) =cos A cot A 


1+sinA : 
———_ =sinA 
1+cosecA 
tanA _ 

sin 


A 
sin. A tan = =1-—cosA 


sin 2A tan A = 1 —cos 2A 


tan A sin A = sec A—cosA 


Page 


155 


352 


80 


88 


242 


81 


237 


140 


200 


ae) 


105 


297 


298 


197 


Oo ©o& | cosec 


110000 
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tan? A — sin?A = tan”A sin? A 


sec A —sinA tanA =cosA 


(1 — sin A)(sec A+ tan A) =cosA 


sin A sec A 


1 
tan A 


1+secA 


—— =cosecA 
tanA+sinA 


tan A sinA a 
———. = cos 
sec2A — | 


3 sin?7A+4cos?A = 3+ 087A 


cos2A — cotA—1 
1+sin2A ~ cotA+1 


sin 2A 


——— =cotA 
1—cos 2A 


cos2A 


gg eS a 
Cane 


cost A — sin*A =cos?A — sin?A 


1 


cos* A — sintA = —— 
sec 2A 


cost A —sintA =cos 2A 
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139 
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91 
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111 


322 


267 


193 


102 


253 


260 


262 


305 


263 
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sin 
cos 
tan 

© | cosec 
sec 
cot 


110001 
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cos?A —sin?A =2cos?A—1 


sin?7A 4 
1—cosA ne 


sin?A 
1+cosA 


=cosA 

sintA+cos*A = 3 + ! cos 4A 
44 

(cos?A — 2)? —4 sin?A = costA 

sin(30° + A) + cos(60° + A) = cos A 


cos?A —sin?A =1—2sin2A 


cos?A — sin?A =cos*A — sin*A 


1—8sin?A cos? A =cos 4A 


in ig93 are in A 
imate) S085 = sin 


cos2A 


ar | 
tise 


2 
cos“A 
1+ —— =~-sinA 
ot aaa 
cos?A 


iA 


l1—cosA __ sinA 
snA  1+cosA 


sinA-+cosA cotA = cosec A 


Page 
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174 


227 


344 


153 


265 


87 


102 


346 


264 


168 


232 


125 


165 


138 


sin 


» ob 

§ 8838 
1041410 
11000 
110041 
11100 
111141 
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sin A cos Acosec A sec A = 1 


sin A cosA _ 1 
cosecA secA | 


secA sinA 


+ =2tanA 
cosecA cosA an 


cosA+sinA tan A = secA 


A 
ri ene aaa =secA 
1+sinA 


cos?A — sin?A 


=cos?A 
1—tan?A 


tanA+cosA 


=secA+cotA 
sin A - 


tan? A cos2A +cot2A sin?A = 1 


tan A(sin A +cotA cos A) = sec A 


sin? A — tan A = 
cos?A—cotA _ 


tan?A 


1—sin?A 


enor +tanA cot A = cosec?A 


A inA 
Be _Sm*  =sinA+cosA 
1—tanA 1-—cotA 
tan A cos A +cosec A sin?A =2sinA 


(cosecA — sin A)(sec A — cos A) 
-(tanA+cotA) = 1 
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cos 
tan 
cosec 
sec 
cot 


130000 


cos(A + B) — cos(A — B) 


2 cos?A — 1)? 
( 


sinA+cosA 


sin A cosA 
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sin? A + cos?A _ secA—sinA 


1—2cos?A  tanA—1 


ama 8) =cotA—cotB 


=1-2sin*A 
costA — sin*A 


=1+tanA 
cosA eee 


cosA 1 


cosA—sinA 1—tanA 


1—2cos*A 
= =tanA—cotA 


cos(A + B) 


- =cotA—cotB 
sin A cosA 


cos(A — B) 
sin A cos B 


=cotA+tanB 


sin(A + B) 


=tanA+tanB 
cos A cos 


cos(A + B) 


- =cot B—tanA 
cosA sin B 


5—10cos?A 


Sahoaee 5(sin A + cos A) 


cos A snA  — sinA+cosA 


i:cos2A L=Goe0A ~~ amOA 
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76 
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175 


256 


257 


259 


271 
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sin 
cos 
tan 
cosec 
sec 
cot 


200001 


200100 
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sin A (4 cos? A — 1) 


Pee Eee | =tanA+tan2A 


sin 5A — sin 3A = 2 sinA cos 4A 


3 sinA —4sin°A = sin 3A 


(sec A+ tan A)” 


1+sinA _ cosecA+1 
l1—sinA cosecA—1 


1—sinA 
— "= (sec A — tan A)? 
1+sinA 

sin(A + B) sin(A — B) = cos” B —cos*A 


1 1 


a Asi a 
snA+1 smA—-1 ~~ 


2 sin 2A(1 —2sin?A) =sin 4A 


sin(A + B) sin(A — B) = sin? A — sin? B 


sin A+ sin Acot2A = cosec A 


sin A(cosec A — sin A) =cos*A 
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© | cos 
tan 
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tan 4A (sin 2A + sin 10A) 
=cos 2A —cos 10A 


sinA+tanA 


=1 A 
sin A Tage 


sin A+ sin A tan? A = tan A sec A 
(4 sin A cos A)(1 —2 sin?A) = sin 4A 


2 sin?A—1)° 
( 


ao = 1 2 087A 
sin? A —costA 


sin? A +cos2A 


5 = cosec”*A 
sin“ A 


sin A _ 1 
sinA—cosA 1—cotA 


1—2sin2A 


—— =cotA—tanA 
sin A cosA 


1+sinA—sin2A 
cosA 


=cosA+tanA 


cos(A — B) 


- - =cotAcotB+1 
sin A sin B 


sin(A + B) 


=cotAtanB+1 
sin A cos B ner 
in(A—B 
SUD) ed ga 
sin A cos B 


secA sinA yr 
, a =co 
sinA  cosA 


Page 


388 


94 


154 


283 


136 


99 


93 


169 


96 


258 


276 


254 


213 


© |} cosec 
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2 sec?A —2 secA sin? A 


sin? A — cos?A = 1 


(cos A— sin A)*+2sinAcosA=1 

(asinA+bcos A)” +(acos A—b sin A)? 
=a? +p? 

(2a sin A cos A)? +.a?(cos”A — sin? A)? 


sin3A cos3A _ 


sin A cosA 


1+sinA cosA 2 


cosA 7 1+sinA  cosA 


cos A 
=cotA 


1—sin?A—cos?A+sinA 
sinAcosA — tanA 
cos2A—sin?A  1—tan?A 


sin(A+45°) — cos(A+45°) 


—_——_—_— + — = 2 2A 
cos(A + 45°) 7 sin(A + 45°) are 


cos2A _ sin2A 
- =cosec A 
sin A cosA 
sin?2A+2cos2A—1 _ 1 
sin?2A+3cos2A—3  1—sec2A 


sin A l1—cosA 
l—cosA sinA ZO 


cosA 1+sinA > A 
—— + —— =2 sec 
1+sinA cosA 


1—sinA cosA 


cosA | 1—sinA 


=2secA 
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106 
261 
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129 


98 


336 


320 


335 


221 


216 


214 


66 


sin 


cos 


tan 


cosec 


Trig or Treat 


1+cosA sin A 
——_ + ——__ = 2cosecA 
sinA 1+cosA 


sinA 1+cosA 2 


1+cosA "sin A sin A 


LS cosa sine = a 4 
sin2A+cosA 


sin A + sin 2A ‘ A 
—— = tan — 
2+3cosA+cos 2A 2 


sin A + sin 2A 


—————— =tanA 
1+cosA+cos 2A on 


(sin A + cos A)* + (sin A —cos A)? =2 


sin(2A 4 + sin B 


——__——— _=tan(A+B 
cos(2A 4 + cos B are) 


sin(A + B) —sin(A — B) 


—_—_—_—————_ =tanB 
cos(A + B) + cos(A — B) i 


sin 4A — sin 2A 


—_——_————_ =tanA 
cos 4A + cos 2A io 


sin2A+cos2A+1 _ tan(45°+ A) 
sin 2A+cos2A—1 tan A 


1+ sin 2A+cos 2A 
sinA+cosA 


=2cosA 


2A 1 
sae +cos’A+ sin?A = as 
sin~ A sin“ A 
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212 


161 


347 


327 


268 


156 


361 


370 


366 


333 


266 


132 


sin 


cos 


tan 


cosec 


1+cosA—sinA 


sinA+cosA 


Concordance 


1+sinA+cosA _ 1+cosA 


1+sinA—cosA sinA 


1+cosA+sinA 


3 3 
At A 
_ sh =1-—sinAcosA 


cossA—sin’A  2+sin2A 


cosA—sinA 2 


sinA—cosA+1  sinA+l1 


sinA+cosA — 1 ~ cos A 


sin? A + cos? A 


sinA+cosA 


ef aie cia 
2 


sin 4A + sin 2A 


cos 4A + cos 2A =a 


cos A — cos 3A 

—————_ =tan2A 
sin3A—sinA 
cos A —cos 3A 


————— =tanA 
sin 3A+sinA a 


cos A—cos 5A 


——————_. = tan 2A 
sin A + sin 5A 


sin 4A + sin 8A 


cos 4A + cos 8A = anne 


sin4dA—sin8A _ wy 
cos 4A —cos8A — 7 


=secA+tanA 
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373 


374 


367 


371 


375 


376 


sin 
cos 
tan 
cosec 


Trig or Treat 


o 
2 
aw 
sin A+ sin B 
———— = 
cosA+cosB ” ae3 
inA—sinB 
sin sin = 364 
cos A —cos B 
sin A cos B 1 
—— (cot Acot B)+ 1 = —,— 234 
cosA sin B conaeotn) sin? B : 
sin 54 + 2sin 3A +sin A = 4sin 3Acos?A 379 
sin 2A + sin 4A — sin 6A 
= 4sinA sin 2A sin 3A 384 
sin 2A + sin 2B + sin 2C 
=4sinA sin BsinC 
(where A+ B+C = 180°) 354 
sin A + sin B+ sinC 
A B C 
= 4cos — cos — cos — 
2 2 2 
(where A+ B+C = 180°) 350 
sin A + sin 3A 
a A 365 
2sn2a 
sin A(sin 3A + sin 5A) 
= cos A(cos 3A — cos SA) 389 


sin A(sin A + sin 3A) 
= cos A(cos A — cos 3A) 390 


sin 


cos 


tan 


cosec 


Concordance 


cosA+sinA—sin°A 
sin A 


=cotA+cos?A 


inA—sin3A 
aa = 2 sin A 
sin’ A — cos? 
cosec A(cosec A — sin A) 


sin A —cosA 
sin A 


sin 3A cos A — sinA cos 3A 
sin 2A 


1 


(sin A+ cos B)? 
+(cos B+ sin A)(cos B— sin A) 


= 2cos B(sinA+ cos B) 


(sin A — cos B)* 
+(cos B+ sin A)(cos B— sin A) 
= —2cos B(sin A — cos B) 
sinA+cosA  sinA—cosA 
cos A sin A 


= sec Acosec A 


sin A + sin 2A + sin 3A 


——_—______——_ = tan 2A 
cos A-+cos 2A + cos 3A 


) +cotA =cosec?A 
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70 


sin 
cos 
tan 
cosec 
sec 
cot 


402000 


420000 


440000 


Trig or Treat 


sinA+cosA cosA—sinA 
sin A cosA 


=cosec A secA 


sin A cos Bcos C+ sin B cos A cos C 
+sinC cos A cos B 
=sinA sin B sinC 
(A+B+C= 180°) 


sin A + sin B 
sin A — sin B 


( 
= tan 


sin4dA4+sin8A _ tan6A 
sin4dA—sin8A~_—tan2A 


‘cae soa 
Pa EOS =4tanAsecA 
1—snA 1+sinA 


sin2A+sin4A  tan3A _ 


sin2A—sin4A tanA 


sin2A cosA—2cos2A sinA _ 


; ; =2co 
2 sin A — sin 2A 
cosA—cosB sinA—sinB 


———$____ + —__——_=9 
sinA+sinB  cosA+cosB 


cosA—sinA cosA+sinA 


+ ———_—_ = 2 sec 2A 
cosA+sinA cosA—sinA 


cosA+sinA cosA—sinA 


——- =2tan2A 
cosA—sinA cosA+sinA 
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Level-One-Games 
Easy Proofs 


74 Trig or Treat 


An Example for Proving a Trig Identity 


1+sinA 
Liao =sinA 


1+cosec A = 


Eyeballing and Mental Gymnastics 

1. Start with the more complex side, normally the LHS; this is more amenable to 
simplification. 

2. Consider simplifying tan, cot, and the reciprocal functions to sin and cos. 

3. Consider the use of common denominators. 

4. Rearrange and simplify through cancellation of common terms, if available. 


Let us explore this first game (proof) together. Eyeballing the identity, 
we see that the more complex side is indeed the LHS (occassionally the 
RHS is the more complex; then it may be preferable to begin with the 
RHS. On rare occassions both the LHS and the RHS are complex; then 
one can explore simplifying both side to a common set of terms). 

We note the cosec term in the denominator and remember that cosec = 
1/sin. 

Generally speaking it is easier to work with sin and cos than with 
their reciprocals as it makes rearrangement, simplification and cancellation 
easier. 

With a reciprocal term in the denominator, we expect to use common 
denominators prior to rearrangement, simplification and cancellation. 

If all goes well, and no careless mistakes are made, we should end up 
with “sin A” which is the target objective on the RHS. 

It is useful to begin a proof by writing down accurately the LHS. If a 
mistake is made here, no amount of effort will give the required identity. 


Level-One-Games 


1+sinA 


1+cosec A 
LHS — 1+sinA 
1+cosec A 
= 1+sinA 
7 1+ : 
sin A 
=) (:1 inA = 
= (1+sin A) sinA+1 
sin A 
(sind) sin A 
= sin —_—_—_— 
sinA+ 1 
=sinA 


= RHS. 


=sinA 


75 


Use a bracket, if 
it helps focus on 


the key groups and 
minimises careless 
mistakes. 


76 Trig or Treat 


sinA+cosA 


=1+tanA 
cos A aan 


Eyeballing and Mental Gymnastics* 


1. t=s/c 
2. rearrange and simplify. 


sinA+cosA 
LHS = 
cos A 
=tanA+1 
= RHS. 


*Some teachers prefer that students always write out the trig functions to include 
the angle i.e. sin A instead of sin. In the “Eyeballing and Mental Gymnastics” 
sections, and in the short explanatory notes, we will use the abbreviations: s = sin, 
c = cos, and t = tan. Such abbreviations reflect the mental process in action, and 
conveys a sense of speed with eyeballing and mental gymnastics taking place. 


Level-One-Games 


cos A 1 


cos A —sinA 7 1—tanA 


Eyeballing and Mental Gymnastics 
1. divide LHS by cos 


2. t=s/c 
LHS = cos A 
cos A —sinA 
_ 1 
~ 1—tanA 


II 
wn 
7 
ce 
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78 Trig or Treat 


1+sinA _ cosecA+1 


1—sinA  cosecA—1 


Eyeballing and Mental Gymnastics 


1. cosec = 1/sin 
2. rearrange and simplify. 


1+sinA 
LHS = isn divide both 
numerator 
__ cosec + 1 and denominator 
cosec — 1 by sin 


RHS. 


II 


Level-One-Games 


cosA+1  I1+secA 


cosA—1  1—secA 


Eyeballing and Mental Gymnastics 


1. sec = 1/cos 
2. rearrange and simplify. 


cosA+1 
cosA—1 


_ 1+secA 
~ l—secA 


RHS. 


LHS = 


II 


divide both 
numerator 

and denominator 
by cos 
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80 Trig or Treat 


sin A cotA =cosA 


Eyeballing and Mental Gymnastics 


1. cot=c/s 
2. simplify. 


LHS = sin A cotA 


Level-One-Games 


sinA secA = tanA 


Eyeballing and Mental Gymnastics 


1. sec =1/cos,t=s/c 
2. simplify. 


LHS = sin A-sec A 


=sinA- 


cos A 
=tanA 


= RHS. 


81 


82 Trig or Treat 


cosA tanA = sinA 


Eyeballing and Mental Gymnastics 


1. t=s/c 
2. simplify. 


LHS = cosA tanA 


sin A 
=cosA 


cos A 


=sinA 


= RHS. 


Level-One-Games 


cos A cosec A = cotA 


Eyeballing and Mental Gymnastics 


1. cosec = 1/sin, cot = c/s 
2. simplify. 


LHS = cos A cosec A 


=cosA: 


sinA 
=cotA 


= RHS. 
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84 Trig or Treat 


sin A cos A cosec A sec A = 1 


Eyeballing and Mental Gymnastics 


1. cosec = 1/sin, sec = 1/cos 
2. simplify. 


LHS = sin A cos A cosec A sec A 


1 


= sinAcosA-— _—— 
sinA cosA 


=1 


= RHS. 


Level-One-Games 


cos A tan A cosec A = 1 


Eyeballing and Mental Gymnastics 


1. t=s/c, cosec = 1/sin 
2. simplify. 


LHS = cos A tan A cosec A 


sin A 1 
=cosA: 


=1 


= RHS. 


cosA sinA 
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86 Trig or Treat 


tan A cos?A = sinA cosA 


Eyeballing and Mental Gymnastics 


1. t=s/c 
2. simplify. 


LHS = tan A cos*A 


sin A 2 
= -cos“A 
cos A 


sin A cos A 


RHS. 


II 


Level-One-Games 87 


cos?A — sin?A =1—2sin?A 


Eyeballing and Mental Gymnastics 


1. c*, s? suggest s*+c* =1* 
2. simplify. 


LHS = cos”A —sin?A 
= (1—sin?A) —sin?A 
=1—2sin7A 


= RHS. 


*We shall use the abbreviation: s? + c* = 1 for the trig equivalent of Pythagoras’ 
Theorem sin? A + cos*A = 1. 


88 Trig or Treat 


(1 —sin*A)sec?A = 1 


Eyeballing and Mental Gymnastics 


1. s* suggests s° + = 
2. sec = 1/cos 
3. simplify. 


LHS = (1 —sin*A)sec”A 


= cos7A: EER 
cos“A 


Level-One-Games 


tan A(cot A+tan A) =sec7A 


Eyeballing and Mental Gymnastics 


1. t=s/c,cot=c/s 
2. sec? suggests s?+c* = 1* 
3. simplify. 


LHS = tan A(cot A + tan A) 
=1+tan?A 
= sec*A 


= RHS. 


*The identity s? + c* = 1 should also trigger off possible reference to: 
tan7A + 1 = sec” A (divide s? +c? = 1 by c’) 


and 


1+ cot” A = cosec"A (divide s” +c? = 1 by s”). 
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90 Trig or Treat 


tan? A(cosec*A —1) = 1 


Eyeballing and Mental Gymnastics 


1. tan*, cosec* suggest s* +c? = 
2. rearrange and simplify. 


LHS = tan*A(cosec” A — 1) 


= tan? A(cot? A) 


Level-One-Games 91 


sin Asec A 


tan A 


Eyeballing and Mental Gymnastics 


1. sec =1/cos,t=s/c 
2. simplify. 


sin A sec A 


LHS = 
tan A 
1 cos A 


=sinA- - 
cosA sinA 
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tan A+cosA 


=secA-+cotA 


sin A 


Eyeballing and Mental Gymnastics 


1. t=s/c, sec = 1/cos, cot =c/s 
2. simplify. 


tan A+cosA 

sin A 
_ sina 1 cos A 
~ cosA sinA sinA 


LHS = 


sec A+cotA 


RHS. 


II 


Level-One-Games 


sin A 1 


sin A—cosA = 1—cotA 


Eyeballing and Mental Gymnastics 


1. cot=c/s 
2. rearrange and simplify. 


sin A 
sin A—cosA 


- 1 
~ cos A 


LHS = 


sin A 
_ 1 
~ 1—cotA 


= RHS. 


93 


divide both 
numerator 

and denominator 
by sinA 


94 Trig or Treat 


sin A +tanA 


=1+secA 
sin A uy 
Eyeballing and Mental Gymnastics 
1. t=s/c, sec = 1/cos 
2. simplify. 
sin A + tan A 


LHS = 
sin A 


snA  sinA 1 
sinA cosA sinA 


=1+secA 
= RHS. 


Level-One-Games 


sec A sin A 
=2tanA 


cosecA cosA 


Eyeballing and Mental Gymnastics 


1. sec = 1/cos, cosec = 1/sin, t = s/c 
2. rearrange and simplify. 


sec A sin A 
LHS = 


cosecA cosA 


1 snA  sinA 
cos A 1 cos A 


=tanA+tanA 


= 2tanA. 
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1+sin A —sin?A 


=cosA+tanA 
cos A e 


Eyeballing and Mental Gymnastics 


1. s? suggests s* +c? = 
2. t=s/c 
3. rearrange and simplify. 


1+sinA—sin*A 
cos A 


LHS = 


_ cos?A+sinA 
_ cos A 


=cosA+tanA 


= RHS. 


Level-One-Games 


1 1 
=1 


————d + ree 
sec2A _cosec2A 


Eyeballing and Mental Gymnastics 


1. sec = 1/cos, cosec = 1/sin 


2. sec”, cosec? suggest s? +c? = 
3. simplify. 
1 1 
LHS = —— + ——— 
sec2A _cosec?A 
=cos?A+sin?A 
=] 


= RHS. 
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98 


Trig or Treat 


sin A cos A tan A 


cos2A—sin?A  1—tan?A 


Eyeballing and Mental Gymnastics 


1. 
2. 
3. 


t=s/c 
divide both numerator and denominator by cos’ A to give cos” A/cos*A = 1 
rearrange and simplify. 


sin Acos A 
LHS = =a 
cos7A — sin“A 
sin Acos A 
cos2A 
cos2A — sin?A 
cos2A 
tan A 
1—tan2A 


= RHS. 


Level-One-Games 


sin? A + cos?A 


=a =cosec?A 
sin“ A 


Eyeballing and Mental Gymnastics 


1. s*, c* suggest s?-+c? =1 
2. cosec = 1/sin 
3. simplify. 


sin? A +cos?A 
sin?A 
1 


sin?A 


LHS = 


= cosec?A 


= RHS. 


99 


100 Trig or Treat 


Eyeballing and Mental Gymnastics 


1. s?, 1? suggests? += 
2. t=s/c. 


LHS = 


Level-One-Games 101 


tan?A + cot? A +2 =cosec?A + sec?A 


Eyeballing and Mental Gymnastics 


A; tan’, cot”, cosec?, sec” suggest s* +c? — 


2. rearrange and simplify. 


LHS = tan?A +cot7A+2 
= (tan?A + 1) + (cot?A+1) 
= sec?A + cosec”*A 


= RHS. 


102 Trig or Treat 


cos* A — sin* A = cos2A — sin*A 


Eyeballing and Mental Gymnastics 


1. cos*—sin* suggest a+ — b* = (a —b?)(a? +b?) 
2. c?, s* suggest ° +c? = 
3. rearrange and simplify. 


LHS = cos*A —sin*A 
= (cos”A — sin? A)(cos”A + sin” A) 
= (cos”A — sin? A)(1) 
= cos”A — sin*A 


= RHS. 


Level-One-Games 103 


cosec* A — cot*A = cosec?A + cot?A 


Eyeballing and Mental Gymnastics 


1. (cosect —cot*) suggest at — b* = (a? — b?)(a? +b) 
2. squares suggest s° +c? = 
3. rearrange and simplify. 


LHS = cosec*A — cot*A 
= (cosec” A — cot” A)(cosec*A + cot” A) 
= (1)(cosec?A + cot” A) 


= RHS. 


104 Trig or Treat 


tan A cosec A = sec A 


Eyeballing and Mental Gymnastics 


1. t=s/c, cosec = 1/sin, sec = 1/cos 
2. simplify. 


LHS = tan A cosec A 


_ sinA 1 
~ cosA sinA 
ee! 

~ cos A 

= secA 


= RHS. 


Level-One-Games 105 


Eyeballing and Mental Gymnastics 


1. t=s/c 
2. simplify. 


LHS = 


Il sll 
zg 
n pB 


106 Trig or Treat 


(asin A +b cos A)? +(acos A—bsin A)? =a? +b? 


Eyeballing and Mental Gymnastics 


1. (_ )? suggests expansion 
2.°+C7=1 
3. rearrange and simplify. 


LHS = (asin A+bcos A)” + (acos A —b sin A)? 
=a’ sin? A +2ab sin A cos A+b* cos*A 
+a*cos*A —2ab sin AcosA+b’sin?A 
= a’(sin? A + cos” A) + b*(sin? A + cos” A) 
myhanhp 


= RHS. 


Level-One-Games 107 


sin? A + cos? A 


: =1-—sinAcosA 
sin A+cos A 


Eyeballing and Mental Gymnastics 


1. +e suggests (s+c)(s* —cs+c?) 
2. %+c=1 
3. rearrange and simplify. 


sin? A + cos? A 


sin A+cos A 


(sin A + cos A)(sin? A — sin A cos A + cos? A) 
(sin A + cos A) 


= sin*A — sin A cos A+cos*A 
= 1-—sinAcosA 


= RHS. 


108 Trig or Treat 


(sin A+cos B)?+(cos B+sin A)(cos B—sin A) =2 cos B(sin A+cos B) 


Eyeballing and Mental Gymnastics 


1. Although the identity looks lengthy and complicated, closer inspection shows 
that the term (sin A + cos B) is common to both sides of the equation. 
2. rearrange and simplify. 


LHS = (sin A + cos B)? + (cos B+ sin A)(cos B— sin A) 
= (sin A+ cos B)|(sin A + cos B) + (cos B— sin A)] 
= (sin A+cos B)(2cos B) 
= 2cos B(sin A + cos B) 


= RHS. 


Level-One-Games 


cosecA—1  1-—sinA 


cosec A + | = 1+sinA 


Eyeballing and Mental Gymnastics 


1. cosec = 1/sin 
2. rearrange and simplify. 


LHS 


cosec A — 1 

cosec A+ 1 
1 

sin A 


1 
1 
sin A as 


1—sinA sin A 


sin A 1+sinA 


1—sinA 
1+sinA 


RHS. 


109 


110 Trig or Treat 


1+tanA cotA+l 


1—tanA  cotA—1 


Eyeballing and Mental Gymnastics 


1. t=s/c,cot=c/s 
2. rearrange and simplify. 


1+tanA 
LHS = ——— 
1—tanA 
1 sin A 
= cos A 
sin A 
cos A 
__ cos A+sinA cosA 
7 cos A cos A —sinA 
A+sinA 
me ci iene divide both 
cos A — sin A numerator 
cotA+1 and denominator 
~ cotA—1 by sin 


RHS. 


Level-One-Games 


3 sin*A+4cos?A = 3+ c0s2A 


Eyeballing and Mental Gymnastics 


je oar 
2. rearrange and simplify. 


LHS = 3 sin*A+4cos*A 


= 3sin*A+3cos?A+cos*A 
= 3(sin? A + cos*A) +cos*A 
=3+cos°A 


= RHS. 


111 


112 Trig or Treat 
tan2A cos2A +cot2A sin*?A = 1 


Eyeballing and Mental Gymnastics 


1. t=s/c, cot=c/s 
2.°+C7=1 
3. rearrange and simplify. 


LHS = tan” A cos*A + cot”A sin7A 


2 2 


sin“ A Ba 8 A. 2A 
= —~— -cos - sin 
cos7A sin?A 
= sin*A+cos*A 
=| 


= RHS. 


Level-One-Games 


sec A — cosec A : 
=sinA—cosA 


sec A cosec A 


Eyeballing and Mental Gymnastics 


1. sec = 1/cos, cosec = 1/sin 
2. rearrange and simplify. 


sec A — cosec A 
LHS = WW. 
sec A cosec A 


sec A cosec A 


1 1 
cosecA secA 


= sinA—cosA 


RHS. 


II 


sec A cosec A  secA cosecA 
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(tan A + tan B)(1 —cot A cot B) + (cot A + cot B)(1 — tan A tan B) = 0 


Eyeballing and Mental Gymnastics 


1. cot = 1/tan* 
2. expansion of factors 
3. rearrange and simplify. 


LHS = (tan A + tan B)(1 —cot A cot B) + (cot A+ cot B)(1 —tan A tan B) 
= tanA-+tan B—tanA cotA cot B—tan BcotA cot B 
+cotA-+cot B—cotA tan A tan B—cot B tan A tan B 


= tanA-+tan B—cot B—cotA 


+cotA-+cot B—tan B—tanA 
=0 


= RHS. 


*Since the terms in the identity to be proved are all tan and cot, it is easier to think 
of cot as 1/tan rather than to convert tan and cot into sin and cos. 


Level-One-Games 


cos A+ sin A — sin?A 


= cot A+cos?A 
sin A - 


Eyeballing and Mental Gymnastics 


. sin A — sin? A suggests sin A(1 — sin? A) 
.8+C7=1 

. cot=c/s 

. rearrange and simplify. 


BRWN eR 


cos A +sinA—sin?A 


LHS = 
sinA 


cos A + sin A(1 — sin? A) 
sin A 


cos A + sin A(cos?A) 
sin A 


=cotA+ cos7A 


= RHS. 
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cos*A —sin?A _ 


=cos?A 
1—tan2A 


Eyeballing and Mental Gymnastics 
1. t=s/c 

2.°+7= 

3. rearrange and simplify. 


cos?A — sin? A 


LHS = 
1—tan2A 


(cos? A — sin’ A) 
sin?A 
cos2A 


2 
2 7) cos“ A 
= (cos* A — sin“ A) {| —————_— 
( ) —= 7 


= cos*A 


= RHS. 


Level-One-Games 


cos*A(1+tan7A) =1 


Eyeballing and Mental Gymnastics 


1. c*, t? suggest s*+c? =1 
2. t=s/c 
3. rearrange and simplify. 


LHS 


= cos” A(1 + tan? A) 


sin?A 


= cos*A +cos7A: 5 
cos“A 


=cos*A+sin*A 


117 
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cos?A — sin*A = 2cos?A —1 


Eyeballing and Mental Gymnastics 


1. c*, 8? suggest? + = 
2. simplify. 


LHS = cos”A — sin? A 
= cos*A — (1 —cos”A) 
= cos?A—1+cos”A 
= 2cos7A—1 


= RHS. 


Level-One-Games 119 


cos?A +tan?Acos*A = 1 


Eyeballing and Mental Gymnastics 


1. c*, 7 suggest s*+c? = 
2. t=s/c 
3. rearrange and simplify. 


LHS = cos”A +tan”Acos*A 


120 Trig or Treat 


tan A cos A+ cosec A sin*A =2sinA 


Eyeballing and Mental Gymnastics 


1. t=s/c, cosec = 1/sin 
2. rearrange and simplify. 


LHS = tan A cos A+ cosec A sin7A 


sin A 


= — -cosA+ -sin7A 
Cc 


1 
os A sin A 
=sinA+sinA 


=2sinA 


= RHS. 


Level-One-Games 


cos A(sec A — cos A) = sin7A 


Eyeballing and Mental Gymnastics 


1. sec = 1/cos 
2. rearrange and simplify. 


LHS = cos A(sec A — cos A) 


1 
=cosA (— cos) 
cos A 


= 1—cos*A 
= sin*A 


= RHS. 


121 


122 Trig or Treat 


(cos? A — 1)(tan?A + 1) = —tan?A 


Eyeballing and Mental Gymnastics 


1. c*, 7 suggest s*+c? = 
2. t=s/c 
3. rearrange and simplify. 


LHS = (cos”A — 1)(tan*A + 1) 


= —sin?A-sec*A 
sin? A 
~ cos2A 


= —tan?A 


= RHS. 


Level-One-Games 123 


cot A cosA , 
=sinA 


cosec? — 1 


Eyeballing and Mental Gymnastics 


1. cosec” suggests s* +c? = 
2. cot=c/s 
3. rearrange and simplify. 


cot A cosA 
(cosec? — 1) 


cos A 1 
== -cos A | —~— 
sin A cot2A 


cosA sin? A 
- -cos A: 5 
sin A cos“A 


LHS = 


= sinA 


= RHS. 


124 Trig or Treat 


Eyeballing and Mental Gymnastics 


1. cosec = 1/sin; sec = 1/cos 
2. rearrange and simplify. 


LHS — sin A pps 
~ cosecA  secA 

= sinA-sinA+cosA-cosA 
= sin*A+cos*A 

=1 


= RHS. 


Level-One-Games 


Eyeballing and Mental Gymnastics 


1. c? suggests ° +c? = 
2. rearrange and simplify. 


cos?A 
LHS = ———— 
1—sinA 
_ 1—sin?A 
~ 1—sinA 
_ (1 +sin A)(1 — sin A) 
(1 — sin A) 
=1+sinA 


= RHS. 


125 


126 Trig or Treat 


cos A cosecA _ 


=cot?A 
tan A 


Eyeballing and Mental Gymnastics 


1. cosec = 1/sin, t = s/c, cot=c/s 
2. simplify. 


cos A cosec A 


LHS = 
tan A 
1 cos A 
=cosA:— _— 
sinA sinA 
= cos?A 
sin? A 
=cot?A 


= RHS. 


Level-One-Games 127 


tan A sinA 


———— =cosA 
sec2A — 1 


Eyeballing and Mental Gymnastics 


1. sec? suggest s*+c? = 
2. simplify. 


tan Asin A 


LHS = —.— 

sec2A — 1 

sinA . 

= -sin A - —~— 
cos A tan2A 


sin*?A cos2A 


cosA  sin?A 


=cosA 


= RHS. 


128 Trig or Treat 


1+2sec?A =2tan?A+3 


Eyeballing and Mental Gymnastics 


1. sec”, tan? suggests s*+c? =1 
2. rearrange and simplify. 


LHS = 1+2sec?A 
= 1+42(1+tan*A) 
=142+42tan?A 
= 2 tan?A+3 


= RHS. 


1—sin* A —cos2A+sinA 


Level-One-Games 


cos A 
=cotA 


Eyeballing and Mental Gymnastics 


1. s?, c? suggests? +7 = 


2. cot=c/s 
3. rearrange and simplify. 


LHS 


II 


cosA 
1—sin?A —cos2A+sinA 


cos A 


1 —(sin?A+cos?A)+sinA 


cos A 
sin A 
cotA 


RHS. 


129 


130 Trig or Treat 


1—sin?A 
ue + tan A cot A = cosec?A 


1—cos?A 


Eyeballing and Mental Gymnastics 


1. s?, c? suggest? + = 


2. tan-cot= 1 
3. rearrange and simplify. 


1—sin7A 
LHS = ee +tan A cotA 
1—cos2A 


cos?A 


sin? A 


=cot?A +1 
= cosec?A 


= RHS. 


Level-One-Games 


1 A 
cosecA+cotA+tanA = nce 


sin Acos A 


Eyeballing and Mental Gymnastics 


1. cosec = 1/sin, cot=c/s,t=s/c 
2. rearrange and simplify. 


LHS = cosec A+ cotA+tanA 


1 cosA  sinA 


snA sinA cosA 


cos A+cos?A +sin?A 
sin A cos A 

_ 1+cosA 

~ sinAcos A 


RHS. 


132 Trig or Treat 


cos?A 


SD, 


+cos?A+sin?A = — ) 
sin’ A sin“ A 


Eyeballing and Mental Gymnastics 


1. s*, c* suggestss*° +7 =1 
2. rearrange and simplify. 


cos?A 2 9 
LHS = —— +cos*A+ sin*A 
sin“ A 


cos?A 


sin? A 


cos?A + sin?A 
sin?A 


Level-One-Games 


(cos A—sin A)*+2sinAcosA=1 


Eyeballing and Mental Gymnastics 


1. ( )* suggests s* +7 = 
2. rearrange and simplify. 


LHS = (cos A — sin A)? +2 sin A cos A 
= (cos?A —2 sin A cosA+sin?A)+2sin A cosA 
= cos?A +sin?A 
=1 


= RHS. 


133 


134 Trig or Treat 


sin A(cosec A — sin A) = cos*A 


Eyeballing and Mental Gymnastics 


1. cosec = 1/sin 
2. c? suggests s* +c? =1 
3. simplify. 


LHS = sin A(cosec A — sin A) 


1 
=sinA (sa sin) 
sin A 
=1-—sin?A 


=cos*A 


= RHS. 


Level-One-Games 


cosec A secA =tanA+cotA 


Eyeballing and Mental Gymnastics 


1. cosec = 1/sin, sec = 1/cos, t= s/c, cot=c/s 
2. rearrange and simplify. 


LHS = cosec Asec A 
_ if 1 
~ sinA cosA 
(sin? A + cos? A) 
sin Acos A 


=tanA-+cotA 


= RHS. 


135 


136 Trig or Treat 


(2 sin?A — 1)? 


ae Teer tee. —2cos?A 
sin* A — cos+A 


Eyeballing and Mental Gymnastics 


1. sin+—cos* suggests (a? — b?)(a* + b*) 


2. 2sin*?A—1 equals 1—2cos?A 
3. rearrange and simplify. 


2 sin? A —1)? 

fae 

sin” A —cos*A 

_ (1 —2 cos”)? 
sin“ A — cos sin’ A + cos 
in?A 2A)(sin?A 2A 

(1-2 c0s*A)? 

~ (1—2cos?A)(1) 


=1—2cos7A 


= RHS. 


Level-One-Games 


cosA+tanA sinA =secA 


Eyeballing and Mental Gymnastics 


1. t=s/c, sec = 1/cos 
2. simplify. 


LHS = 


II 


cosA-+tanA sinA 


-sinA 


sin A 
te) 


cos A 
% sA 


Cc 
cos2A+sin?A 
cos A 


1 
cos A 


sec A 


RHS. 


137 


138 Trig or Treat 


sin A + cos A cot A = cosec A 


Eyeballing and Mental Gymnastics 


1. cot =c/s, cosec = 1/sin 
2. rearrange and simplify. 


LHS = sinA+cosA cotA 


. cos A 
= sinA+cos A -—— 
sin A 
sin? A + cos?A 
sinA 


1 
sin A 


= cosec A 


= RHS. 


Level-One-Games 


sec A —sinA tanA =cosA 


Eyeballing and Mental Gymnastics 


1. sec=1/cos,t=s/c 
2. rearrange and simplify. 


LHS = sec A—sinA tanA 

1 sinA-sinA 
cos A cos A 
1—sin?A 

cos A 
cos?A 


cos A 


= cosA 


= RHS. 


139 


140 Trig or Treat 


cosec A — sinA =cot A cosA 


Eyeballing and Mental Gymnastics 


1. cosec = 1/sin, cot = c/s 
2. rearrange and simplify. 


LHS = cosec A — sin A 


1 
=— —sinA 
sin A 


1—sin?A 


sin A 


cos?A 


sin A 


=cotA-cosA 


= RHS. 


Level-One-Games 


(cos A + cot A)sec A = 1+ cosec A 


Eyeballing and Mental Gymnastics 


1. cot =c/s, sec = 1/cos, cosec = 1/sin 
2. rearrange and simplify. 


LHS = (cos A+ cot A)sec A 


= (cos a+ 


= cosA (14 


1 


=| 
Taal 


= 1+cosec A 


= RHS. 


cos A 


ae 


1 
sin A 


) 


1 
cos A 


1 
cos A 


141 


142 Trig or Treat 


cosec A — sinA =cos A cotA 


Eyeballing and Mental Gymnastics 


1. cosec = 1/sin, cot = c/s 
2. rearrange and simplify. 


LHS = cosec A — sin A 


1 
=— —sinA 
sin A 


1—sin?A 


sin A 


cos7A 


sin A 


=cosAcotA 


= RHS. 


Level-One-Games 143 


sec A —cosA =sinAtanA 


Eyeballing and Mental Gymnastics 


1. sec = 1/cos,t=s/c 
2. rearrange and simplify. 


LHS = sec A —cosA 
1 
= —cosA 
cos A 
_ 1—cos?A 
~ cosA 
_ sin? A 
~ cos A 
= sinAtanA 


RHS. 


II 


144 Trig or Treat 


tan A + cot A = sec A cosec A 


Eyeballing and Mental Gymnastics 
1. t=s/c, cot=c/s, sec = 1/cos, cosec = 1/sin 


Ve LeS 
3. rearrange and simplify. 


LHS = tanA+cotA 


sinA  cosA 


cosA  sinA 
sin? A +cos?A 
sin A cos A 


1 
sin A cosA 


= sec A cosec A 


RHS. 


II 


Level-One-Games 


cosec? A —cot?A = 1 


Eyeballing and Mental Gymnastics 


1. cosec = 1/sin, cot = c/s 
2. cosec?, cot” suggest s* +c? =1 
3. simplify. 


LHS = cosec”A —cot7A 
1 cos?A 
sin*A_sin?A 
1—cos?A 
sin?A 
sin?A 


sin?A 


=1 


= RHS. 


145 


146 Trig or Treat 


tan?A + 1=sec2A 


Eyeballing and Mental Gymnastics 


1. tan*, sec? suggest s? +c? = 
2. simplify. 


LHS = tan*A +1 
sin? A 
cos2A 


sin? A +cos?A 
cos? A 
1 
cos2A 


=sec*A 


= RHS. 


Level-One-Games 147 


cos A+cos A cot?A = cot A cosec A 


Eyeballing and Mental Gymnastics 


1. c* suggests s* +c? = 
2. cosec = 1/sin 
3. rearrange and simplify. 


LHS = cos A+cos A cot7A 
= cos A(1+cot”A) 
= cos A: cosec7A 


=cosA- 


sin? A 
= cot A cosec A 


= RHS. 


148 Trig or Treat 


cot A(sec”A — 1) = tan A 


Eyeballing and Mental Gymnastics 


1. cot=c/s, sec = 1/cos,t =s/c 
2. sec? suggests s? +c? = 


3. rearrange and simplify. 


LHS = cot A(sec”A — 1) 


1 
= (tan? A) 
tan A 


Level-One-Games 149 


1—2cos?A =2sin*?A—1 


Eyeballing and Mental Gymnastics 


1. c?, s*, 1 suggest s* +7 = 
2. rearrange and simplify. 


LHS = 1—2cos7A 
= 1—2(1—sin’A) 
=1-—2+42sin’A 
=2sin?A—1 


= RHS. 


150 Trig or Treat 


cos*A(cosec”A — cot”A) =cos”A 


Eyeballing and Mental Gymnastics 


1. cosec = 1/sin, cot = c/s 
2. cos’, cosec’, cot” suggest s?7 +c? =1 
3. rearrange and simplify. 


LHS = cos*A(cosec” A — cot” A) 


4 1 cos*A 
= cos°A | —— - —— 
sin“A  sin’A 


Level-One-Games 151 


tan2A — sin?A =tan2A sin7A 


Eyeballing and Mental Gymnastics 


1. t=s/c 
2. t?, s* suggest ? +7 = 
3. rearrange and simplify. 


LHS = tan? A — sin7A 


sin? A — sin? A cos” A 
cos7A 


sin? A(1 — cos?A) 
cos*A 


= tan?A-sin7A 


= RHS. 


152 Trig or Treat 


1+cotA 
pana Aa! =cotA 
1+tanA 


Eyeballing and Mental Gymnastics 


1. cot=c/s,t=s/c 
2. rearrange and simplify. 


1+cotA 
LHS = ——— 
1+tanA 


ait cos A 1 
- rial ie 


cos A 


_ sinA+cosA cos A 
7 sin A cosA+ sinA 


cos A 


sin A 
=cotA 


= RHS. 


Level-One-Games 


(cos*A — 2)? —4 sin?A =cos*A 


Eyeballing and Mental Gymnastics 


1. c?, s* suggest s?+¢7 = 
2. rearrange and simplify. 


LHS = (cos”A —2)*—4 sin?A 
= (cos*A —4cos?A +4)—4 sin?A 
= costA— 4(cos”A + sin? A) +4 
= cos*A — 4(1) +4 
= cos*A 


= RHS. 


153 


154 Trig or Treat 


sin A+sin Atan?A =tanA secA 


Eyeballing and Mental Gymnastics 


1. t? suggests s*+c* =1 
2. sec = 1/cos 
3. rearrange and simplify. 


LHS = sinA+sinA tan7A 
= sin A(1 + tan” A) 


sin A-sec7A 


II 
w. 
5 
> 


tan A sec A 


= RHS. 


Level-One-Games 
1—2sin?A =2cos?A—1 


Eyeballing and Mental Gymnastics 


1. s?, c? suggest 27+ = 
2. rearrange and simplify. 


LHS = 1—2sin°A 
= 1—sin?A—sin?A 
= cos*A —sin?A 
= cos”A + (cos”A — 1) 
=2cos*A—1 


= RHS. 


155 


156 Trig or Treat 


(sin A+cos A)* +(sin A—cos A)? =2 


Eyeballing and Mental Gymnastics 


1. (_ )? suggests expansion 
2.°+C7=1 
3. rearrange and simplify. 


LHS = (sin A +cos A)? + (sin A — cos A)” 


= (sin?A+2 sin A cos A+ cos” A) 
+ (sin?A —2 sin A cos A+ cos” A) 


— 2(sin? A + cos” A) 


Level-One-Games 


sec* A — sec? A = tan*A +tan2A 


Eyeballing and Mental Gymnastics 


1. sec = 1/cos,t =s/c 
2. %+c= 
3. rearange and simplify. 


LHS = sec*A — sec” A 


= sec” A(sec” A — 1) 


= sec’ A tan?A 


(tan?A + 1)tan? A 
= tan*A+tan?A 


= RHS. 


157 


158 Trig or Treat 


cosec* A — cosec? A = cot*A + cot?A 


Eyeballing and Mental Gymnastics 


1. cosec = 1/sin, cot = c/s 
2. %+c= 
3. rearrange and simplify. 


LHS = cosec* A — cosec”A 
= cosec” A(cosec” A — 1) 
= cosec” A(cot”A) 
= (1+cot”A)(cot?A) 
= cot?A+cot*A 


= RHS. 


cotA+tanA 


Level-One-Games 


cosec A 
=cosA 


Eyeballing and Mental Gymnastics 


1. cosec = 1/sin, cot=c/s,t=s/c 


2. rearrange and simplify. 


LHS 


cosec A 
cotA+tanA 


1 1 
sinA | cosA sinA 


sinA  cosA 
1 ( sin Acos A ) 
sinA \cos2A+sin2A 


1 sin A cosA 
sin A 1 


159 


160 Trig or Treat 


1+secA 


——— =secA 
l+cosA 


Eyeballing and Mental Gymnastics 


1. sec = 1/cos 
2. rearrange and simplify. 


1l+secA 
1l+cosA 


1 1 
1 pamceiee 
( +o) cnet 
- cosA+1 1 
7 cos A 1+cosA 
ol 
~ cos A 


LHS = 


= secA 


= RHS. 


Level-One-Games 


sin A cae cOre 2 
1+cosA sin A sin A 


Eyeballing and Mental Gymnastics 
1. common denominator 

2. %+c=1 

3. rearrange and simplify. 


sin A l+cosA 


LHS = ———— 
1l+cosA ‘ sinA 


sin? A + (1+ cos A)? 
(1+ cos A)(sin A) 


(1+ cos A)(sin A) 


2+2cosA 
(1+ cos A)(sin A) 
2 
sin A 


= RHS. 


sin? A + (1+2cos A+ cos”A) 


161 


162 Trig or Treat 


sec A-+cosec A 


=cosec A 
1+tanA 


Eyeballing and Mental Gymnastics 


1. sec = 1/cos, cosec = 1/sin, t= s/c 
2. rearrange and simplify. 


sec A-+cosec A 
1+tanA 


_ 1 1 1 
7 ek nA io 


cos A 


LHS = 


__ (sin A +cos A) cos A 
~ cosA sinA cosA+ sinA 


1 
sin A 


= cosec A 


= RHS. 


Level-One-Games 


tanA+cotA 


Eyeballing and Mental Gymnastics 


1. t=s/c, cot=c/s, sec = 1/cos 
2. common denominator 
3. rearrange and simplify. 


1 
~ tanA+cotA 


1 


~ sinA  cosA 


cosA  sinA 


cos A sinA 


~ sin?A+cos2A 


=cosAsinA 


sin A 


sec A 


= RHS. 
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164 Trig or Treat 


1+sinA cos A 2; 


cos A a 1+sinA  cosA 


Eyeballing and Mental Gymnastics 
1. common denominator 

2. %+c=1 

3. rearrange and simplify. 


1+sinA cos A 


LHS = —_—— 
cos A i 1+sinA 


(1+sin A)? +cos*A 
cos A(1 + sin A) 


_ 14+2sinA+ sin? A + cos?A 
cos A(1 + sin A) 
—  24+2sinA 
~ cos A(1+sin A) 
2 


cos A 


= RHS. 


Level-One-Games 


l1—cosA sind 


sinA 1+cosA 


Eyeballing and Mental Gymnastics 


1. l suggests s? +c? = 
2. rearrange and simplify. 


LHS 


1—cosA 
sin A 
1—cosA 1+cosA 
sin A 
1—cos?A 
sin A(1 + cos A) 
sin?A 
sin A(1 + cos A) 


sin A 
1l+cosA 


RHS. 


1l+cosA 


) 
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1 
=sinAcosA 


tanA+cotA 


Eyeballing and Mental Gymnastics 


1. t=s/c, cot=c/s 
2. rearrange and simplify. 


1 
tan A+cotA 


1 
sinA  cosA 


LHS = 


cosA sinA 
cos A sinA 
sin? A + cos?A 
__ sin A cos A 
1 


= sinA cosA 


RHS. 


II 


Level-One-Games 


(cosec A — sin A)(sec A — cos A)(tan A + cot A) = 1 


Eyeballing and Mental Gymnastics 


1. cosec = 1/sin, sec = 1/cos, t= s/c, cot=c/s 
2. common denominator 
3. rearrange and simplify. 


LHS = (cosec A — sin A)(sec A — cos A) (tan A + cot A) 


1 : 1 sinA  cosA 
= {| ——~— sinA —cos A } | ——+—— 
sin A cos A cosA  sinA 
_ ((=sin?A) 1—cos*A\ /sin?A+cos?A 
7 sin A cos A cos A sinA 


- cos?A sin?A 1 
~ \ sind cosA cos A sinA 
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cos?A 


— ——- =sinA 
1+sinA 


Eyeballing and Mental Gymnastics 


1. Common denominator 
2. c* suggests s*+c* =1 
3. rearrange and simplify. 


cos? A 


LHS = 1 — ———— 
1+sinA 


1+sin A —cos?A 
1+sinA 


sin?7A+sinA 
1+sinA 

sin A(1 + sin A) 
(1+ sin A) 


sin A 


= RHS. 


Level-One-Games 


1—2sin7A 


- =cotA—tanA 
sin A cosA 


Eyeballing and Mental Gymnastics 


1. cot=c/s,t=s/c 
2. s* suggests ° +? = 
3. rearrange and simplify. 


LHS — a 2 sin7A 

sin A cos A 

1—sin?A—sin?A 
sin A cos A 

cos?A — sin*A 

sin A cosA 
cosA  sinA 
sinA  cosA 


= cot A—tanA 


= RHS. 
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snA+cosA cosA—sinA 


: — =cosec A sec A 
sin A cos A 


Eyeballing and Mental Gymnastics 


. cosec = 1/sin, sec A= 1/cosA 
. common denominator 
+2721 

. rearrange and simplify. 


BRWN eR 


snA+cosA cosA—sinA 


LHS = - 
sin A cos A 


(sin A cos A+ cos” A) — (sin A cos A — sin” A) 
sin A cos A 


_ cos?A + sin7A 
~ sin A cosA 

1 
sin A cos A 


= cosec A sec A 


= RHS. 


Level-One-Games 171 


tan A +tan B 
eae = tan A tan B 


cotA+cot B 


Eyeballing and Mental Gymnastics 


1. cot=1/tan 

. since both LHS and RHS are in terms of tan and cot, it may be easier to leave 
the terms in tan rather than convert them to sin and cos. 

. common denominator 

4. rearrange and simplify. 


io) 


tanA+tan B 


LHS = —————— 
cotA+cotB 


tan A + tan B 
1 1 
tanA tanB 
__ (tan A + tan B) 


~ /tanB+tanA 
tan A tan B 


= (tan A + tan B) ( 


tan Atan B 
tan A+tan B 


= tanA tan B 


= RHS. 


172 Trig or Treat 


1l+sinA 1-—sinA 
2 ia =4tan A secA 


1—sinA — 1+sinA 


Eyeballing and Mental Gymnastics 


1. t=s/c, sec = 1/cos 
2.°+C7=1 
3. rearrange and simplify. 


l+snA 1-—sinA 
l—snA 1+sinA 

(1+ sin A)? — (1 —sin A)? 
(1 —sin A)(1+ sin A) 


LHS = 


(1+2sinA+sin?A) —(1—2sin A+sin?A) 
1—sin?A 

_ 4sinA 

~ cos2A 


= 4tan A secA 


= RHS. 


Level-One-Games 


sinA+cosA sinA—cosA 


— : = sec A cosec A 
cos A sin A 


Eyeballing and Mental Gymnastics 


. sec = 1/cos, cosec = 1/sin 
. common denominator 
+721 

. rearrange and simplify. 


BRWN Re 


sinA+cosA sinA—cosA 


LHS = ; 
cos A sin A 


cos A sinA 


sin? A +cos?A 


cos A sin A 


1 
cos A sinA 


= sec A cosec A 


RHS. 


II 


(sin? A + sin A cos A) — (sin A cos A — cos? A) 
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Eyeballing and Mental Gymnastics 


1, f+e=1 
2. rearrange and simplify. 


sin? A 
LHS = 1 —-———— 
1—cosA 
_,__ (L=cos*A) —cos*A) 
~  (1—cos A) 
= (1 —cos A)(1+ cos A) 
i (1 —cos A) 
= 1—(1+cosA) 
= —cosA 


RHS. 


II 


Level-One-Games 


1—2cos?A 
=tanA—cotA 


sin A cos A 


Eyeballing and Mental Gymnastics 


1. c? suggests ° +07 = 
2. t=s/c,cot=c/s 
3. rearrange and simplify. 


1—2cos?A 
LHS = —————— 
sin A cos A 


sin A cos A 
sin? A —cos?A 
sin A cos A 
sinA cosA 
cosA  sinA 
= tan A—cotA 


= RHS. 


(sin A + cos*A) — 2 cos*A 


175 
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1 1 
= 2 cosec2A 


1—cosA = 1l+cosA 


Eyeballing and Mental Gymnastics 


. common denominator 

. cosec = 1/sin 

. cosec” suggests rF+7e= 
. rearrange and simplify. 


BRWN Re 


1 1 
rae TSend” TpeeA 
1+cosA+1—cosA 
(1 —cos A)(1+ cos A) 
eR 
1—cos?A 
2. 


sin? A 


= 2 cosec*A 


= RHS. 


Level-One-Games 


1 1 
=2sec?A 


sinA-+ 1 ~ sinA—1 


Eyeballing and Mental Gymnastics 


1. sec = 1/cos 
2. sec? suggests s? +c? = 
3. rearrange and simplify. 


fil 1 
~ sinA+1  sinA—1 
_ (sinA —1) —(sinA + 1) 
(sin A + 1)(sin A — 1) 
—2 

sin*A—1 
_ —2 
~ —cos2A 


=2sec*A 


= RHS. 
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tan A(1 + cot? A) 


=cotA 
1+tan2A 


Eyeballing and Mental Gymnastics 


1. cot”, tan? suggest s* +c? = 
2. cot=c/s,t=s/c 
3. rearrange and simplify. 


tan A(1+ cot” A) 


LHS = 
1+tan2A 


sin A (cosec? A) 
cosA (sec*A) 


= sinA 1 cos? A 
~ cosA \sin2A 1 


cos A 


sin A 
=cotA 


= RHS. 


Level-One-Games 


1—sec?A 2 
=—sec“A 


(1 —cos A)(1+ cos A) 


Eyeballing and Mental Gymnastics 


1. sec? suggests s*+c7 =1 
2. sec = 1/cos 
3. rearrange and simplify. 


1—sec?A 
LHS = J —- 
(1 —cos A)(1+ cos A) 
= —tan?A 
~ (1—cos?A) 
_ sin?A 1 
~~ cos?A_ \ sin? A 
_ 1 
~ cos2A 
= —sec*A 


RHS. 


II 
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cot A(1 + tan? A) 


=tanA 


1+cot?A 


Eyeballing and Mental Gymnastics 


1. tan’, cot? suggest s* +c? = 
2. cot=c/s,t=s/c 
3. rearrange and simplify. 


cot A(1+ tan? A) 
(1 +cot?A) 


cos A ) 1 
= —— (sec* A) | ——— 
sinA cosec2 A 


__ cos A 1 sin? A 
~ sinA \cos2A 1 


sin A 


LHS = 


cos A 


=tanA 


= RHS. 


Level-One-Games 


1 
=1 


cos*A(1 + tan? A) 


Eyeballing and Mental Gymnastics 


c?, t? suggest s* +c? =1 


.t=s/c 
. common denominator 
. rearrange and simplify. 


RWNe 


1 
LHS 


1 
cos? A(sec?A) 


1 


1 
costa ( 5 ) 
cos“A 


=1 


= RHS. 


7 cos? A(1 + tan? A) 
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(tan A+ cot A)? — (tan A —cot A)? =4 


Eyeballing and Mental Gymnastics 


1. cot=1/tan 

2. expansion of squares 

3. ( )? suggests 2? +c? = 
4. rearrange and simplify. 


LHS = (tan A+ cot A) — (tan A — cot A)? 
= (tan?A +2 tan A cot A + cot” A) — (tan?A — 2 tan A cot A + cot” A) 
= 2tanAcotA+2tanAcotA 
=242 
=4 


= RHS. 


Level-One-Games 


1—cot?A 9 > 
= sin’ A —cos*“A 


1+ cot?A 


Eyeballing and Mental Gymnastics 


1. cot”, s*, c? suggests? +c? = 
2. cot=c/s 
3. rearrange and simplify. 


1—cot?A 


LHS = —————_ 
1+cot2A 


7 1—cot?A 
~~ cosec2A 


7 (1 ot (4) 
sin? A 1 


sin? A 
= sin*A—cos*A 


= RHS. 


__ (sin? A — cos” A)(sin* A) 
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cos? A + cot”?A cos*A =cot?A 


Eyeballing and Mental Gymnastics 


1. cot=c/s 
2. c*, cot” suggest s? +c? = 
3. rearrange and simplify. 


LHS = cos”?A + cot” A cos*A 


= cos”A(1+cot”A) 


= cos” A(cosec” A) 


| 
(o) 
io) 
+ 

N 
> 


II 
5) 
7 
w 


Level-One-Games 


(1+ tan A)? + (1 — tan A)? = 2sec?A 


Eyeballing and Mental Gymnastics 


1. t?, sec? suggest s* +c? = 
2. rearrange and simplify. 


LHS = (1+ tan A)? + (1—tan A)? 
= (1+2 tan A+ tan”A) + (1—2 tan A +tan’A) 
=2+2tan?A 
— 2(1+tan*A) 
=2sec”A 


= RHS. 
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cosec2A + sec? A = cosec”A sec2A 


Eyeballing and Mental Gymnastics 
1. cosec?, sec? suggest s* +c? = 
2. cosec = 1/sin, sec = 1/cos 
3. rearrange and simplify. 


LHS = cosec”A +sec*A 


1 1 
sin*A cos*A 


cos?A + sin? A 
sin? A cos?A 
1 
sin? A cos2A 


= cosec” A sec? A 


= RHS. 


Level-One-Games 


2 sec? A —2 sec” A sin*A — sin? A —cos2A = 1 


Eyeballing and Mental Gymnastics 


1. sec”, s*, c? suggest s? +c? = 


2. sec = 1/cos 
3. rearrange and simplify. 


LHS = 2 sec? A —2 sec”A sin? A — sin? A — cos”A 
= 2 sec? A(1 — sin? A) — (sin? A + cos” A) 
=2— _.(cos?A) = (1) 

cos“A 
=2-1 
= 1 
= RHS. 
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cot* A + cot” A = cosec* A — cosec?A 


Eyeballing and Mental Gymnastics 


1. cot =c/s, cosec = 1/sin 
2. cot”, cosec” suggest s* +c? =1 
3. rearrange and simplify. 


LHS = cot*A+cot7A 
= cot? A(cot?A+ 1) 
= cot” A(cosec” A) 
= (cosec” A — 1)(cosec” A) 
= cosec* A — cosec? A 


= RHS. 


Level-One-Games 


tan A —cotA . 
= sin? A —cos?A 


tanA+cotA 


Eyeballing and Mental Gymnastics 


1. t=s/c, cot=c/s 

. common denominator 
.8+C= 

. rearrange and simplify. 


BWN 


tan A —cotA 


LHS = ——————_ 
tanA+cotA 


sinA  cosA 


cosA__sinA 
sinA  cosA 


cosA sinA 
sin? A —cos?A 
cos A sinA 
sin? A +cos?A 
cos A sinA 
sin? A —cos?A 
sin? A +cos2A 


= sin?A —cos*A 


= RHS. 
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secA—cosA _ sin’A 


secA+cosA 1+ cos2A 


Eyeballing and Mental Gymnastics 


. sec = 1/cos 

. common denominator 
e+e7=1 

. rearrange and simplify. 


BRWN Re 


sec A —cosA 


LHS = ——————_ 
sec A -+cosA 


—cosA 
_ cosA 


1 
—+cosA 
cos A € 


1—cos?A 
cos A 
1+cos?A 
cos A 
1—cos?A 
1+cos2A 
sin? A 
1+cos?A 


RHS. 


II 


Level-One-Games 


sin’A+cos*A _ secA—sinA 


1—2cos*A ~— tanA—1 


Eyeballing and Mental Gymnastics 


1. (s? +c) suggests (s+c)(s? —sc+c?) 

2. (1—2cos”A) suggests (s* — c*) and (s +c)(s —c) 
3. sec = 1/cos,t =s/c 

4. rearrange and simplify. 


sin? A + cos? A 


LHS = ————_.—_ 
1—2cos2A 


sin? A — cos? A 
__ (sin A+ cos A)(1—sin A cos A) 
(sin A+ cos A)(sin A — cos A) 


1—sinAcosA 


sin A —cosA 


sec A —sin A 
tan A —1 


RHS. 


II 


__ (sin A +cos A)(sin*A — sin A cos A + cos” A) 


divide both 
numerator 

and denominator 
by cosA 
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sec?A — tan?A + tan A 


=sinA+cosA 
sec A - 


Eyeballing and Mental Gymnastics 


1. sec =1/cos,t=s/c 
2. °%+e=1 
3. rearrange and simplify. 


sec? —tan?A +tan A 


LHS = 
sec A 


(1+ tan? A) —tan?A+tan A 
sec A 


1+tanA 
sec A 


1 sinA cosA 


sec A cos A 1 


cosA+sinA 


RHS. 


II 


Level-One-Games 


cos? A : 
=sinA 


_ 1+sinA 


Eyeballing and Mental Gymnastics 


1. s?+C=1 
2. rearrange and simplify. 


cos7A 
LHS = 1 —- ———— 
1+sinA 
(1 — sin? A) 
re 1+sinA 
= (1 +sin A)(1 — sin A) 
r. (1+ sin A) 
= 1—(1-sinA) 
=sinA 


= RHS. 
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(sec A — tan A)(sec A + tan A) = 1 


Eyeballing and Mental Gymnastics 


1. (sec—tan)(sec+tan) suggests (a—b)(a+b) =a? —b? 
2. s°+C=1 


3. rearrange and simplify. 


LHS = (sec A — tan A)(sec A + tan A) 
— sec? —tan?A 
= (1+tan”A) —tan?A 
=1 


= RHS. 


Level-One-Games 


sin A +sin A cot? A = cosecA 


Eyeballing and Mental Gymnastics 


1. cot? suggests s*°+c7? = 
2. cosec = 1/sin 
3. rearrange and simplify. 


LHS = sinA+sinA cot?A 
= sin A(1 + cot” A) 


= sin Acosec”A 


II 
w. 
5 
> 


sin A 
= cosecA 


= RHS. 
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(1 —sin A) (sec A+ tan A) = cos A 


Eyeballing and Mental Gymnastics 


1. sec = 1/cos,t=s/c 
2. common denominator 
3. rearrange and simplify. 


LHS = (1 —sin A)(sec A + tan A) 


= (isin) ( aa ~*) 


cosA cosA 


ere | (=*) 


cos A 
ee sin? A 
~ cosA 


cos?A 


cos A 


=cosA 


= RHS. 


Level-One-Games 


tan A sin A = secA—cosA 


Eyeballing and Mental Gymnastics 


1. t=s/c, sec = 1/cos 
2. rearrange and simplify. 


LHS = tanA sinA 


= sin A awa 
cos A 

_ sin? A 

~ cos A 

_ (1—cos*A) 

7 cos A 

1 

= AT cos A 

cos 


= sec A —cosA 


= RHS. 


198 
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tan A(sin A+ cot A cos A) = sec A 


Eyeballing and Mental Gymnastics 


1. t=s/c, cot=c/s, cosec = 1/sin 


2. simplify. 


LHS = tan A(sin A+ cot A cos A) 


sinA 
os A 


meee cos A 
sin 
sin A 


“COS 4) 


sin?A 


cos A 
cos A = 


sin? A + cos?A 
cosA 
1 
cosA 


secA 


RHS. 


Level-One-Games 


(1 —cos A)(1+ sec A) = sin A tan A 


Eyeballing and Mental Gymnastics 


1. sec = 1/cos,t=s/c 
2. rearrange and simplify. 


LHS = (1 —cos A)(1+ sec A) 
= (1—cosA) (145) 


cos A 
1 A 
= (1—cos A) (=) 
cos A 
_ 1—cos?A 
~ cosA 
_ sin? A 
~ cosA 
= sinA tanA 


RHS. 


II 
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(1 — sin A)(1+cosec A) = cos A cot A 


Eyeballing and Mental Gymnastics 


1. cosec = 1/sin, cot = c/s 
2. rearrange and simplify. 


LHS = (1 —sin A)(1 + cosec A) 
= 1—sinA-+cosec A — sin A-cosec A 


= cosec A—sinA sin A -cosec A 
=1 


1 
— —sinA 
sin A 


1—sin?A 


sin A 


cos*A 


sin A 


=cosAcotA 


= RHS. 
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2sec7A—1=1+2tan72A 


Eyeballing and Mental Gymnastics 


1. sec”, 1? suggest s*+c? = 
2. rearrange and simplify. 


LHS = 2 sec*A—1 
= 2(1+tan?A)—1 


=2+2tan*A-—1 


=1+4+2tan*A 


= RHS. 
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(sinA—cos B)*+(cosB+sinA)(cos B—sinA) = —2cos B(sinA—cos B) 


Eyeballing and Mental Gymnastics 


1. Although the identity looks lengthy and complicated, closer inspection shows 
that the term (sin A —cos B) is common on both sides of the equation. 
2. Rearrange and simplify. 


LHS = (sin A — cos B)? + (cos B+ sin A) (cos B — sin A) 


sin A — cos B)” — (sin A —cos B)(cos B+ sin A) 


sin A — cos B)((sin A — cos B) — (cos B — sin A)) 


( 
( 
( 
( 


sin A — cos B)(—2 cos B) 


—2 cos B(sin A — cos B) 


RHS. 


II 


Level-One-Games 


secA — 1—cosA 


l+secA sin2A 


Eyeballing and Mental Gymnastics 


. sec = 1/cos 

. common denominator 
8+ C= 

. rearrange and simplify. 


BRWN eR 


sec A 
LHS = ———— 
1+secA 
ol 1 
~ cos A 1 
1 
oe A 
i 1 cos A 
~ cosA (cosA+1) 
= 1 
~ cosA+1 


_ (1-—cosA 1 
~ \t-cosA/ (1+cos A) 


_ 1—cosA 

~ 1—cos?A 

_ l1—cosA 
sin? A 


RHS. 
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1+secA 


———— = cosec A 
tanA+sinA 


Eyeballing and Mental Gymnastics 


1. sec = 1/cos, t =s/c, cosec = 1/sin 
2. rearrange and simplify. 


1+secA 
tanA+sinA 


1 1 1 
an cos A sin A 


—+sinA 
cos A y 


_ cosA+ 1 cos A 
7 cos A sin A +sin A cosA 


7 cosA+1 
~ sin A(1+cos A) 


1 
sin A 


LHS = 


cosec A 


RHS. 


Level-One-Games 205 


A A 
oe ae =2tanA 


cosecA—1  cosec+1 


Eyeballing and Mental Gymnastics 
1. common denominator 

2. t=s/c, cosec = 1/sin 

3. rearrange and simplify. 


LHS — cos A cos A 
cosecA—1 cosecA+1 


__ cos A(cosec A + 1) +cos A(cosec A — 1) 
= (cosec A — 1)(cosec A+ 1) 


__ (cot A +cos A) + (cot A — cos A) 


7 cosec? A — 1 
_ 2cotA 
cot?A 
2 
~ cota 


|cosec? — 1 = cot? 


=2tanA 
= RHS. 
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cos A sin A ; 
=sinA+cosA 


1—tanA a= cota 


Eyeballing and Mental Gymnastics 


1. t=s/c,cot=c/s 
2. common denominator 
3. rearrange and simplify. 


cos A sin A 


LHS = ————_ + ————_ 
> 1—tanA oa eet 


cos A sin A 


7 1 sin A a 1 cos A 
cos A sin A 


cos A sin A 


= cos A. ———————_ + sin A: 


(cos A — sin A) (sin A — cos A) 


cos2A — sin*A 
cosA—sinA 


(cos A + sin A) (cos A — sin A) 
= (cos A — sin A) 


=cosA+sinA 


= RHS. 


Level-One-Games 207 


sec A —cosA 
tan A 


=sinA 


Eyeballing and Mental Gymnastics 


1. sec =1/cos,t=s/c 
2. simplify. 


sec A—cosA 
tan A 


1 cos A 
= —cosA - 
cos A sin A 
_ 1—cos?A cos A 
7 cosA sin A 
1—cos?A 


sin A 


LHS = 


sin? A 


sin A 


= sinA 


= RHS. 
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tan A+secA — 1 


—_—————— = tanA-+secA 
tan A—secA+1 


Eyeballing and Mental Gymnastics 


lL st+ce= 
tan? +1 = sec 
1 = sec? — tan? 
2. rearrange and simplify. 


2 


tanA+secA—1 


LHS = ———___ 
tan A —secA+1 


tan A + sec A — (sec? A — tan” A) 
tanA—secA+1 


(tan A + sec A) — (sec A + tan A)(sec A — tan A) 
tan A —secA+1 


__ (sec A+ tan A)(1 — sec A + tan A) 
— tan A —secA+1 


(sec A + tan A)(tan A — sec A+ 1) 
(tan A — sec A+ 1) 


= tanA-+secA 


= RHS. 


Level-One-Games 209 


sinA—cosA+1  sinA+1 
sinA+cosA—1 cosA 


Eyeballing and Mental Gymnastics 


1. 


r4+Cc=l 


2. multiple terms in denominator; may have to use s2 +c? = 1 to arrive at com- 
1 'y 


mon factor with numerator 


. rearrange and simplify. 


sin A—cosA+ l 

sinA+cosA— | 

sin A—cosA+ l sinA+ 1 
snA+1 


LHS = 


sinA+cosA—1 
(sin A —cos A + 1)(sin A+ 1) 
(sin? A + sin A cos A — sin A) + (sin A + cos A — 1) 
(sin A —cos A+ 1)(sin A + 1) 
—cos*A + sin A cos A+ cos A 
(sin A —cos A+ 1)(sin A + 1) 
cos A(—cos A+ sin A + 1) 


sinA+ 1 
cos A 


= RHS. 
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A-+tanA 
peat =tan A secA 


cotA+cosA 


Eyeballing and Mental Gymnastics 


1. sec = 1/cos,t =s/c,cot=c/s 
2. common denominator 
3. rearrange and simplify. 


sec A+ tan A 
cotA+cosA 


1 sin A 


cosA cosA 


cos A 
cosA 
A + 


LHS = 


1+sinA 


cos A 
cosA-+cosA sinA 


sin A 
(1+ sin A) sin A 
cosA cos A(1 + sin A) 
sin A 1 
cosA cosA 


= tanAsecA 


= RHS. 


Level-One-Games 211 


tsinA+cosA 1+cosA 


!sinA—cosA  sinA 


Eyeballing and Mental Gymnastics 


1. multiple term in denominator; may have to find common factor for 
cancellation. 

2. °+C7=1 

3. rearrange and simplify. 


1+sinA+cosA 
1+sinA—cosA 
1+sinA+cosA 1+cosA 
1+sinA—cosA 1+cosA 


(1+sin A+ cos A)(1 + cos A) 
(1+sin A —cos A) +(cos A +sin A cos A — cos? A) 


_ (1 +sin A+ cos A)(1 + cos A) 

~ sin?A + sin A +sin A cos A 

_ (1 +sin A+ cos A)(1 + cos A) 
sin A(sin A+ 1 +cos A) 

_ l+cosA 

sin A 


= RHS. 
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1+cosA sin A 


——_—_ + ————_ = 2 cosec A 
sin A 1l+cosA 


Eyeballing and Mental Gymnastics 


1. common denominator 
2. cosec = 1/sin 
3. rearrange and simplify. 


l+cosA sin A 


LHS = - + ——______. 
sin A 1l+cosA 


(1+ cos A)*+sin?A 
sin A(1 + cos A) 


1+2cosA+cos2A +sin7A 
sin A(1 + cos A) 


_ 142cosA+1 
~ sin A(1+cos A) 


2(1+ cos A) 
sin A(1 + cos A) 


2 
sin A 


= 2 cosec A 


= RHS. 


Level-One-Games 


secA sinA 


sinA cosA 


=cotA 


Eyeballing and Mental Gymnastics 


1. sec = 1/cos, cot=c/s 
2. common denominator 
3. rearrange and simplify. 


LHS 


secA sinA 


sinA cosA 
1 1 sin A 


cosA sinA cosA 


1—sin7A 
cos A sin A 
cos7A 
cos A sin A 


cos A 


sin A 
=cotA 


= RHS. 
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1—sinA cos A 
=2secA 


cosA 1—sinA 


Eyeballing and Mental Gymnastics 


. sec = 1/cos 

. common denominator 
.8+C7=1 

. rearrange and simplify. 


BRWN eR 


1—sinA cos A 


LHS = ——— 
cos A 1—sinA 


(1 —sin A)? + cos*A 
cos A(1 — sin A) 


(1 — sin A)? + (1 —sin?A) 
cos A(1 — sin A) 


(1 —sin A)? + (1 —sin A)(1 +sin A) 
cos A(1 — sin A) 


(1 —sin A)(1 — sin A+ 1+ sin A) 
cos A(1 — sin A) 


Level-One-Games 


cosecA — 1—sinA 


1+cosecA cos2A 


Eyeballing and Mental Gymnastics 


. cosec = | /sin 

. common denominator 
f+e=1 

. rearrange and simplify. 


BRWN re 


cosec A 


LHS = —————_ 
1+cosec A 


1 1 
sin A 1 1 
sin A 


_ 1 sin A 
~ sind \sinA+1 


1 
1+sinA 


- 1 1—sinA 
~ (1+sinA) \1—sinA 
», 1—sinA 

~ 1—sin?A 

= 1—sinA 

~ cos2A 


RHS. 


II 
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cosA 1+sinA 


—_—$_$+ =2secA 
1+sinA cos A 


Eyeballing and Mental Gymnastics 


. sec = 1/cos 

. common denominator 
.8+C7=1 

. rearrange and simplify. 


BRWN eR 


cos A 1+sinA 


LHS = ———— 
1+snA cos A 


_ cos?A +(1+sin A)? 
~ cos A(1 +sin A) 


(1 — sin? A) + (1+ sin A)? 
cos A(1 +sin A) 


(1+sin A)(1—sin A) + (1+sin A)? 
cos A(1 + sin A) 


(1+sin A)(1 —sin A+ 1+sin A) 
cos A(1 + sin A) 


Level-One-Games 


-cosA+sinA 


-cosA —sinA 


Eyeballing and Mental Gymnastics 


BwWNe 


LHS = 


= 1+cosA—sinA 


II 


1+cosA+sinA 


1+cosA—sinA 


1+cosA+sinA 


(1+ cos A+sinA)(1+sin A) 
1+cosA—sinA-+sin A +sin A cos A —sin7A 


=secA-+tanA 


14 


L sinA 


1-4 


t sinA 


(1+cosA+sin A)(1+sin A) 


cos?A+cosA+sinA cos A 


(1+cosA+sin A)(1+sin A) 


cos A(cos A+ 1+ sin A) 


1+sinA 


cos A 


sec A+ tan A 


RHS. 


) 


217 


. multiple terms in denominator suggest use of common factor for cancellation 
. sec+tan in RHS suggest 1/cos+sin/cos which gives (1+ sin) /cos 

2 — 
.S+er= 1 
. rearrange and simplify. 
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cos A 
1+sinA 


secA —tanA = 


Eyeballing and Mental Gymnastics 


1. sec = 1/cos,t=s/c 
2.%+e=51 
3. rearrange and simplify. 


LHS = sec A —tanA 
1 sin A 
cosA cosA 
1—sinA 
cos A 
1l—snA /1+sinA 
cos A 1+sinA 
1—sin?A 
cos A(1 +sin A) 
cos? A 
cos A(1 + sin A) 


cos A 
1+sinA 


RHS. 


II 


Level-One-Games 


sin A 


cosec A—cotA = 


Eyeballing and Mental Gymnastics 


1. cosec = 1/sin, cot = c/s 
2. +C7=1 
3. rearrange and simplify. 


LHS = cosec A — cotA 

1 cos A 
sinA sinA 
l—cosA 
sinA | 
1—cosA cor 


sin A 1+cosA 


1 —cos?A 
sin A(1 + cos A) 
sin? A 
sin A(1 + cos A) 


sin A 
1+cosA 


= RHS. 


1+cosA 


) 
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220 


cotA 
1—tanA 


Trig or Treat 


tan A 


—— =1+secA cosec A 
1—cotA 


Eyeballing and Mental Gymnastics 


1. cot=c/s, t= s/c, sec = 1/cos, cosec = 1/sin 
2. rearrange and simplify. 


LHS = 


__ cot A tan A 
l1—tanA 1-—cotA 
__ cos A 1 sin A 1 
~ sinA A sin A cos A 1 £98 A 
cos A sin A 
cos A cosA sin A sin A 


sinA cosA—sinA _ cosA (sin A —cos A) 
cos?A sin? A 

sinA(cosA—sinA) cos A(cos A— sin A) 

> cos? A — sin? A 

~ (cos A— sin A)(sin A cos A) 


__ (cos A— sin A)(cos”A + cos A sin A + sin” A) 
cs (cos A — sin A)(sin A cos A) 


(1+ cos A sin A) 
sin A cos A 


= cosec A secA+ 1 


= RHS. 


Level-One-Games 


sin A l1—cosA 
= 2 cosec A 


l1—cosA x sin A 


Eyeballing and Mental Gymnastics 


1. cosec = 1/sin 
2. common denominator 
3. rearrange and simplify. 


sin A l—cosA 
LHS = ————_ + ————_- 
1—cosA sin A 


sin? A + (1 —cos A)? 
sin A(1 —cos A) 


sin A(1 — cos A) 


sin? A +cos?A+1—2cosA 
sin A(1 — cos A) 


_  _2—2cosA 
~ sin A(1 —cos A) 
__ 2(1—cos A) 
~ sin A(1 —cos A) 
_ 2 

~ sin A 

= 2 cosec A 


= RHS. 


sin? A + (1 —2cos A+ cos”A) 
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tanA — secA+1 


secA—1tanA 


Eyeballing and Mental Gymnastics 


1. t=s/c, sec =1/cosc 
.8+C=1 

. common denominator 

. rearrange and simplify. 


BWN 


tan A 


LHS = ———— 
sec A — 1 


sin A 1 
cos A 1 1 


cos A 


_ sin A cosA 

~ cosA \1l—cosA 
sin A 

1—cosA 


_ sin A 1+cosA 
~ (1—cosA) \1+cosA 
sin A +sin A cos A 
1—cos2A 


sin A + sin A cos A 
sin? A 
1l+cosA 
~ sind 
secA+1 
~ tana 


RHS. 


II 
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A 
Ate =secA 
1+sinA 


Eyeballing and Mental Gymnastics 


1. t=s/c, sec = 1/cos 
2. common denominator 
3. rearrange and simplify. 


A 
LHS = tan A + — 
1+snA 

sin A cosA 


cos A 7 1+sinA 
sin A(1 + sin A) + cos?A 
cos A(1 + sin A) 
sin A + sin? A+ cos?A 
cos A(1 + sin A) 


(1+sin A) 
cos A(1 + sin A) 


1 
cos A 


sec A 


II 


RHS. 


224 Trig or Treat 


cota tan A 


————__ + ———_ = ]++tanA tA 
1—tanA 1-—cotA sae eee 


Eyeballing and Mental Gymnastics 


1. cot=c/s,t=s/c 
2. common denominator 
3. 84+ C= 
4. rearrange and simplify. 
cota tanA 
LHS = ———— + ————_ 
1—tanA 1-—cotA 
cos A sin A 
_ _ sinA cos A 
sin A cos A 
cos A sin A 
cosA cos A sin A sin A 


sinA (cosA—sinA) cosA (sin A—cosA) 


cos?A — sin? A 
sin A cos A(cos A — sin A) 


__ (cos A — sin A)(cos”A + sin Acos A + sin” A) 
- (cos A — sin A)(sin A cos A) 


=cotA+1+tanA 


=1+tanA+cotA 


= RHS. 


Level-One-Games 


cota 


cosecA—1 _ 


cota 


Eyeballing and Mental Gymnastics 


1. cosec = 1/sin, cot = c/s 


2. e4+C7=1 


3. rearrange and simplify. 


LHS = 


II 


cosec A — 1 
cotA 
1 
sinA _ 
cos A 


sin A 
1—sinA 
sin A 
1—sinA 
cos A 


1—snA /1+sinA 
cos A 1+sinA 
1—sin?A 
cos A(1 +sin A) 


sin A 
cos A 


cos*A 
cos A(1 +sin A) 


cos A 
1+sinA 


cotA 
cosec A+ 1 


RHS. 


~ cosec A +1 


225 


divide both 
numerator 

and denominator 
by sin 


226 Trig or Treat 


cosecA — 1+cosA 


l—cosA sin2?A 


Eyeballing and Mental Gymnastics 


1. cosec = 1/sin 
2. sin? suggests s-s*, s°> +c? =1 
3. rearrange and simplify. 


cosec A 
l1—cosA 


1 1 


sinA (1—cosA) 


ae: 1 1+cosA 

~ sinA (1—cosA) \1+cosA 
1+cosA 

sin A(1 —cos?A) 


LHS = 


1l+cosA 
sin A(sin” A) 
1+cosA 

sin? A 


RHS. 


II 
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a?) 
sin“ A 
=cosA 


= 1+cosA 


Eyeballing and Mental Gymnastics 


1. s? suggests s* +c? = 
2. rearrange and simplify. 


sin? A 


LHS = | — ———— 
1+cosA 


(1+ cos A) —sin7A 
1+cosA 


cos?A+cosA 
1l+cosA 


__ cos A(cos A + 1) 
7 1+cosA 


=cosA 


= RHS. 
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5—10cos?A 


= inA A 
sin A —cosA ena rcose) 


Eyeballing and Mental Gymnastics 


1. c? suggests ° +c? = 
2. rearrange and simplify. 


5—10cos?A 

sin A—cosA 

5(1 —2 cos”A) 
sin A—cosA 


LHS = 


__ 5(cos? A + sin’ A — 2 cos” A) 


sin A—cosA 


5(sin? A — cos” A) 
sin A —cos A 


__ 5(sin A +cos A)(sin A — cos A) 
= (sin A — cos A) 


= 5(sin A+cos A) 


= RHS. 


Level-One-Games 229 


1+sinA 


———— = (sec A+ tan A)” 
1—sinA ( = ) 
Eyeballing and Mental Gymnastics 
1. (sec+tan)* suggests s*+c? =1 
2. sec=1/cos,t=s/c 
3. rearrange and simplify. 
LHS — 1+ sing 
1—sinA 
_ 1+sinA /1+sinA 
~ 1—sinA \1+sinA 
_ (1+sin A)? 
~ 1=sin2A 
_ (1+sin A)? 
cos?A 
_ (1+sina 
- cos A 
= (sec A+ tan A)? 


= RHS. 


230 Trig or Treat 


1—sinA 


(sec A —tan A)? = ———— 
1+sinA 


Eyeballing and Mental Gymnastics 


1. sec =1/cos,t=s/c 

2. ( ) suggests s*+7=1 
3. common denominator 

4. rearrange and simplify. 


LHS = (sec A — tan A)? 


_ 1 sin A \7 
~ \cosA  cosA 


_ (1—sin A)? 

~— cos?A 

_ (1—sin A)? 

~ (1—sin? A) 

_ (1—sin A)(1 — sin A) 
~ (1—sin A)(1+sin A) 
_ 1-sinA 

~ 14+sinA 


= RHS. 


Level-One-Games 


l1—cosA 


————— = (cosec A—cot A)” 
1+cosA 


Eyeballing and Mental Gymnastics 
1. cosec = 1/sin, cot = c/s 

2. ( )* suggests * +c? =1 

3. rearrange and simplify. 


LHS = 1—cosA 
1+cosA 
_ (l=cosA) /1—cosA 
1+cosA) \1—cosA 


~ (1+cos A) 

_ (1—cos A)? 
~ (1—cos2A) 
a 


1 —cos A)? 
sin?A 


_ 1 cos A\? 
~ \sinA sind 
= (cosec A—cot A)? 


= RHS. 


) 
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Eyeballing and Mental Gymnastics 


1. c? suggests ° +c? = 
2. rearrange and simplify. 


fips 
7 sinA — 1 

(sin A—1)+cos*A 
sinA — 1 


(sin A — sin? A — cos”A) + cos?A 
sin A — 1 


sin A —sin?A 
sin A — 1 
sin A(1 — sin A) 
sin A — 1 


—sinA 


RHS. 


II 


Level-One-Games 


2 


sin? A 


(1 +cot A)?+ (1 —cot A)? = 


Eyeballing and Mental Gymnastics 


1. ( )*,s? suggest s*+c? = 
2. cot=c/s 
3. rearrange and simplify. 


LHS = (1+ cot A)?+(1—cot A)? 
= (1+2cot A+cot”A) + (1—2cotA+cot”A) 
—=2+2cot?A 
= 2(1+cot?A) 


= 2cosec” A 


233 
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sin A cos B 1 
(cot A cot B)+1= 


cos A sin B sin? B 


Eyeballing and Mental Gymnastics 


1. cot=c/s 
2. s* suggests s° +? = 
3. rearrange and simplify. 


inA B 
LHS = 22° S08” (cot A cot B) +1 
cos A sin B 


sinAcosB cosA cosB 


cosAsinB sinA sinB 


cos? B 


sin? B 


cos” B+ sin? B 
sin’ B 
1 
sin?B 


= RHS. 


Level-One-Games 


sin A —cosA 


cosec A(cosec A — sin A) + ——————— + cot A = cosec”A 
sin A 


Eyeballing and Mental Gymnastics 


1. cosec = 1/sin, cot = c/s 
2. rearrange and simplify. 


; sin A —cosA 
LHS = cosec A(cosec A — sin A) + oa +cotA 
sin 


sinA—cosA  cosA 


—sinA 
es )+ sin A sinA 


1 
sind (4 


1—sin?A sinA—cosA cosA 


sinA-sinA sin A sin A 


1—sin*A+sin*A—cosA sinA+cosA sinA 
sin?A 


1 


sin? A 


= cosec?A 


= RHS. 


236 Trig or Treat 


1+sin7A 


sec* A —tan*A = ae ae 
cos“A 


Eyeballing and Mental Gymnastics 


sec = 1/cos,t =s/c 
sect —tan* suggests a* — b+ = (a* — b”)(a? +b’) 
: Ss’, 7 suggest e+c= 


. rearrange and simplify. 


AeNS 


LHS = sec*A —tan*A 
1 sintA 
costA  cos*A 
1—sin*A 
cost A 


(1 —sin*A)(1+sin”A) 
cos+A 


_ (cos?A)(1 + sin” A) 
. cos+A 
pee sin? A 

~ cos2A 


= RHS. 


Level-One-Games 


1—sinA _ cos?A 


secA 1+sinA 


Eyeballing and Mental Gymnastics 
1. sec = 1/cos 

2. cos suggests c-c?, 7 +c? =1 
3. rearrange and simplify. 


1—sinA 
LHS = ——— 
sec A 


= (1—sin A)cosA 


(1 —sin?A)cos A 
(1+sin A) 

(cos?A)cos A 
1+sinA 


= cos°A 
~ 1+sinA 


= RHS. 


: 1+sinA 
= (1—sinA)cosA arene | 


L sin A 


) 
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1—cosA 
chereos®) = (cosec A —cot A)? 


(1+ cos A) 


Eyeballing and Mental Gymnastics 


1. cosec = 1/sin, cot = c/s 
2. square on RHS suggests s* +c? = 
3. rearrange and simplify. 


l1—cosA 
LHS = 
l1+cosA 
_ 1—cosA 1—cosA 
l1+cosA l1—cosA 
_ (1=cos A)? 
~~ 1=cos2A 
(1 —cos A)? 
sin? A 


fi cos A\? 
~ \sin sin A 
= (cosec A—cot A)? 


= RHS. 


Level-One-Games 


tan A—cotA 
a vad +1=2sin7A 


tanA+cotA 


Eyeballing and Mental Gymnastics 


1. t=s/c, cot=c/s 
. common denominators 


RwN 
nA 
No 
+ 
Q 
nN 
I 


. rearrange and simplify. 


tan A—cotA 
LHS = —————__ + 1 
tanA+cotA i 


sinA cosA 


—_ cosA_sinA 
sin A a ae 


cosA sinA 

sin? A —cos?A 
— _cosAsinA I 
aCe) 2 

sin’ A +cos“A 

cos A sinA 

= sin? A —cos”A + (sin? A + cos” A) 
=2sin°A 


= RHS. 
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1 —cot? 


A 
Treotta +2008 A= 1 


Eyeballing and Mental Gymnastics 
1. cot=c/s 

2. °+e=1 

3. rearrange and simplify. 


1—cot?A 


= ——_— +? 2A 
1+cot2A eeees 


LHS 


cos?A 
7) 
sin“ A 2: 
= + +2 c0s°A 
cos?A 


sin? A 


sin? A —cos?A 
7) 
=> aa A 5 +2cos*A 
sin’ A + cos*A 
sin?A 
2 
_ sin sett stig a 


= sin*A+cos*A 
— pl 


= RHS. 
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sin?A—tanA _ 


FORGE RTE tan2A 
cos“A —cotA 


Eyeballing and Mental Gymnastics 


1. t=s/c,cot=c/s 
2.+7= 
3. rearrange and simplify. 


sin? A —tanA 


LHS = —.————_ 
cos?A —cotA 
2 sin A 
sin“ A — 
om sA 
5 cos A 
cos-A — — 
sin A 
a sin? A cos A—sinA sin A 
7 cosA cos?A sinA —cosA 
__ sin A(sin A cos A — 1) sin A 
> cos A cos A(sin A cos A — 1) 
_ sin?A 
~ cos2A 
=tan?A 


= RHS. 


242 
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secA —1+sinA 
l1—sinA~ cos?A 


Eyeballing and Mental Gymnastics 


1. sec = 1/cos 
2.°+C7=1 


3. rearrange and simplify. 


LHS 


sec A 
1—sinA 
1 1 


cosA (1—sin A) 


1 
cos A(1 — sin A) 


1+sinA 


‘( 


cos A(1 — sin”A) 


1+sinA 
cos A(cos?A) 


1+sinA 


~ cos3A 


II 


RHS. 


1-4 


tL sinA 


1-4 


L sin A 


) 


Level-One-Games 243 


sec A cosec A 


(1+ cot A+ tan A) (sin A — cos A) 


cosec2A sec2A 


Eyeballing and Mental Gymnastics 


1. cosec’, sec? suggest s* +c? = 


2. cosec = 1/sin, sec = 1/cos, cot = c/s, t= s/c 
3. rearrange and simplify. 


LHs = sec A 7 cosec A 
cosec2A _sec2A 


_ 1 sin? A 1 cos?A 
~ cosA 1 sin A 1 


sin*A_ _cos?A 


cosA sin A 


sin? A — cos? A* 
sin A cosA 


(sin A — cos A)(sin?A + sin A cos A + cos” A) 
sin A cos A 


= (sin A —cos A)(tan A + 1 + cot A) 
= (1+ cot A + tan A)(sin A — cos A) 


= RHS. 


*(a3 — b3) = (a—b)(a? + ab +b’). 
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l+secA _ sin’A 


secA  1—cosA 


Eyeballing and Mental Gymnastics 


1. sec = 1/cos 
2. s* suggests s* +c? =1 
3. rearrange and simplify. 


1l+secA 
sec A 
1 
= ne cos A 
1 
cosA 


LHS = 


1l+cosA cosA 
cos A 1 


=1+cosA 


l—cosA 
= (1+ cos A) ( 


1—cos?A 
1—cosA 


sin7A 
1—cosA 
RHS. 


1—cosA 


) 


Level-One-Games 


tanA—cotA _ 


tanA+cotA a 


Eyeballing and Mental Gymnastics 


1. t=s/c, cot=c/s 

. common denominators 
.8+C= 
. rearrange and simplify. 


BWN 


1—2cos?A 


LHS = tan A—cotA 
tanA+cotA 

sinA  cosA 

— cosA_sinA 

sinA  cosA 

cosA sinA 


sin? A — cos?A 


cos A sinA 


sin? A +cos2A 
cos A sinA 


sin? A —cos2A 


sin? A + cos2A 


= sin*A—cos*A 


= (1—cos”A) —cos?A 


= 1—2cos*A 


= RHS. 
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(2 cos*A — 1)? 


=[—2sineA 


cos+A — sin*A 


Eyeballing and Mental Gymnastics 


1. c+—5s* suggests (c* —s”\(c? +5) 
2. %+cC=1 
3. rearrange and simplify. 


(2 cos? A — 1)? 


LHS = 
cos+A — sin*A 


_ (cos? A — sin? A)? 

~ (cos?A — sin? A)(cos2A + sin? A) 
= cos*A—sin*A 

= (1—sin?A)—sin?A 
—1-—2sin*A 


= RHS. 


Level-One-Games 247 


1—tan?A 
2 +1=2cos?A 


1+tan2A 


Eyeballing and Mental Gymnastics 
1. t=s/c 

2.°%+e=1 

3. rearrange and simplify. 


1—tan2A 


LHS = —————_ 
1+tan2A + 


sin?A 
— 
= cos: A+] 
sin“ A 
cos2A 
cos? A — sin?A 
2 
0s A + l 
cos*A+ sin“ A 
cos7A 
cos? A — sin?A 
cos2A + sin? 1 


cos*A —sin?A+1 


=cos*A + cos7A 
=2cos*A 


= RHS. 
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1—sinA 
1+sinA 


= (sec A — tan A)? 


Eyeballing and Mental Gymnastics 


BRWNeR 


. sec=1/cos,t=s/c 

. the RHS appears to be more complex and hence should be expanded first 
P+C=1 

. rearrange and simplify. 


RHS = (sec A — tan A)? 
_ 1 sin A \7 
~ \cosA  cosA 


_ 1—sinA\? 
7 cos A 


_ (1—sin A)? 

cos? 

_ (1=sin A)? 
1—sin?A 

_ (1 —sin A)? 

~ (1—sin A)(1+sin A) 

_ 1—sinA 

~ 14+sinA 


= LHS. 


Level-One-Games 


A—tanA)*+1 
(sec = ) aN =?2tanA 


cosec A(sec A — tan A) 


Eyeballing and Mental Gymnastics 


1. sec = 1/cos, t = s/c, cosec = 1/sin 
2. (_ )? suggests expansion 

3. %+7=1 

4. rearrange and simplify. 


(sec A—tan A)*+1 


LHS = 
cosec A(sec A — tan A) 


cosec A(sec A — tan A) 


sec2A —2 sec A tan A+sec?A 


cosec A(sec A — tan A) 


2 sec*A —2 sec A tanA 
cosec A(sec A — tan A) 


2 sec A(sec A — tan A) 
cosec A(sec A — tan A) 


_ 2secA 

~~ cosec A 

= 1 sin A 
cos A 1 

=2tanA 


= RHS. 


sec?A —2 sec A tan A+tan?A +1 
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2 
1—tan2A 


cot Atan2A _ 


Eyeballing and Mental Gymnastics 


1. 2A suggests expansion of “double angle” 
2. cot = 1/tan 
3. rearrange and simplify. 


2 
cot A tan 2A 
(1 — tan’ A) 
2tanA 


LHS = 


= 2tanA- 
= 1-—tan*A 


= RHS. 


Level-Two-Games 


1 
cos A —sintA = 


sec 2A 


Eyeballing and Mental Gymnastics 


BRWN Re 


. (cos*—sin*) suggests (a? — b?)(a? + b?) 
. sec = 1/cos 

. 2A suggests “double angle” 

. rearrange and simplify. 


LHS = cos*A—sin*A 
= (cos”A — sin? A)(cos”A + sin? A) 
= (cos 2A)(1) 


1 
sec 2A 


= RHS. 
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sin(A — B) 


=1-—cotAtanB 


sin A cos B 


Eyeballing and Mental Gymnastics 


1. sin(A — B) suggests expansion 
2. cot=c/s,t=s/c 
3. rearrange and simplify. 


LHe = sin(A — B) 
sin A cos B 
sin A cos B—cosA sinB 


sin A cos B 


1—cotA tan B 
= RHS. 


Level-Two-Games 


cos(A — B) 


=1+tanAtanB 
cos A cos B 


Eyeballing and Mental Gymnastics 


1. cos(A — B) suggests expansion 
2. t=s/c 
3. rearrange and simplify. 


cos(A — B) 
cos Acos B 


LHS = 


cos A cos B 


=1+tanAtanB 


= RHS. 


cos Acos B+ sinA sin B 
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cos(A + B) 


- =cotA—tanB 
sin A cos B 


Eyeballing and Mental Gymnastics 


1. cos(A +B) suggests expansion 
2. cot=c/s,t=s/c 
3. rearrange and simplify. 


__ cos(A + B) 
sin A cos B 


cos A cos B—sinA sin B 
sin A cos B 


= cot A—tanB 


= RHS. 


Level-Two-Games 


cos(A — B) 


- =cotA+tanB 
sin A cos B 


Eyeballing and Mental Gymnastics 


1. cos(A —B) suggests expansion 
2. cot=c/s,t=s/c 
3. rearrange and simplify. 


cos(A — B) 
sin A cos B 


LHS = 


= cos Acos B+ sinA sin B 


sin A cos B 


=cotA+tanB 
= RHS. 
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cos(A — B) 


=1+cotAcotB 


sin A sin B 


Eyeballing and Mental Gymnastics 


1. cos(A — B) suggests expansion 
2. cot=c/s 
3. rearrange and simplify. 


LHe = bos = B) 

sin A sin B 

cos Acos B+sinA sin B 
sin A sin B 

__ cos Acos B 

~ sin A sin B 


=1+cotAcot B 
= RHS. 


Level-Two-Games 


sin(A + B) 


———— =tanA-+tanB 
cos A cos B 


Eyeballing and Mental Gymnastics 


1. sin(A+B) suggests expansion 
2. t=s/c 
3. rearrange and simplify. 


sin(A + B) 


LHS = ————— 
cos Acos B 


cos A cos B 


snA sinB 


cosA cosB 


=tanA+tanB 
= RHS. 


sin A cos B+cosA sinB 
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4 44 
cos’ A — sin’ A = cos 2A 


Eyeballing and Mental Gymnastics 


1. c*—5s* suggests (a* —b*)(a? + b*) 
2. +C7=1 
3. rearrange and simplify. 


LHS = costA—sintA 
= (cos? A — sin? A)(cos” A + sin? A) 
= (cos 2A)(1) 
= cos 2A 


= RHS. 


Level-Two-Games 


(2a sin A cos A)? + a?(cos”A — sin” A)? = a? 


Eyeballing and Mental Gymnastics 


. 2sinAcosA suggests sin 2A 

. cos?A — sin? A suggests cos 2A 
.8+C=1 

. rearrange and simplify. 


BRWNR 


LHS = (2a sin A cos A)? +.a7(cos”A — sin? A)? 
= a’(sin 2A)? +.a?(cos 2A)” 


= a’(sin” 2A + cos” 2A) 


= RHS. 
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sin A A 
= tan — 


1+cosA 2 


Eyeballing and Mental Gymnastics 


1. A/2 suggests use of “half angle formulas” for sin A, cos A 
2. t=s/c 
3. rearrange and simplify. 


sinA 


LHS = ————— 
1l+cosA 


A 
2 sin —cos — 
Bis OSS 


A 
1+ | 2cos*——1 
+( cos* = ) 


A A 
2 sin — cos — 


= 2 


A 
Dost 
cos 5 


= tan 
2 


= RHS. 


Level-Two-Games 


l1—cosA A 
———_ = tan — 
sin A 2; 


Eyeballing and Mental Gymnastics 


1. A/2 suggests “half angle formulas” for cos A, sin A 
2. rearrange and simplify. 


1—cosA 


LHS = 
sin A 


D si A A 
sin — cos = 
2 2 


A 
2 sin? — 
- sin 5) 


si A A 
sin — cos — 
2 2 


A 
1—(1—2sin?—= 
( sin 5) 


263 


264 Trig or Treat 


2 
A A 
sin—+cos—] =1+sinA 
( aT *) = 


Eyeballing and Mental Gymnastics 


1. A/2 suggests “half angle formulas” 
2. ( )? suggests s?+c?=1 
3. rearrange and simplify. 


LHS ee + A\* 
= | sin=+cos— 
2 2 


ee. ee 
= sin’ — +z SIN — COS — + COS” — 
g Tae) 5 


= aes iugeeee +2 ae ses 
~ S 2 BD 


=1+sinA 


= RHS. 


Level-Two-Games 


cos(60° +A) + sin(30° +A) = cos A 


Eyeballing and Mental Gymnastics 


1. (60° +A), (30° +A) suggest expansion of “compound angles” 
2. numerical values for sin, cos of 60°, 30° 
3. rearrange and simplify. 


LHS = cos(60° +A) + sin(30° + A) 
= cos 60° cos A — sin 60° sin A 


+ sin 30° cos A+ cos 30° sin A 


1 1 
= reosA~~Ssin A+ s.c08 +S sin A 
= cosA 


= RHS. 
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1+sin 2A + cos 2A 


: =2cosA 
sin A+cos A 


Eyeballing and Mental Gymnastics 


1. 2A suggests expansion of “double angle” 
2. rearrange and simplify. 


1+sin 2A +cos 2A 


LHS = - 
sin A +cosA 


1+2sin A cos A+ (2 cos?A — 1) 
sinA+cosA 


2cos A(sin A + cos A) 
sinA+cosA 


=2cosA 
= RHS. 


Level-Two-Games 


sin 2A 
=cotA 


1—cos 2A 


Eyeballing and Mental Gymnastics 


1. 2A suggests expansion of “double angle” 
2. s?+c*=1, cot=c/s 
3. rearrange and simplify. 


sin 2A 
1—cos 2A 
2sinAcosA 


LHS = 


_ 2sinAcosA 
2 sin?A 

_ cosA 

~ sinA 

=cotA 


= RHS. 


1—(1—2sin7A) 
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sin A+ sin 2A 


—____——_ = tanA 
1+cosA-+cos 2A . 


Eyeballing and Mental Gymnastics 

1. 2A suggests expansion of “double angle” 
2. t=s/c 

3. rearrange and simplify. 


sin A + sin 2A 


LHS = ————__—_—__—_ 
1+cosA-+cos 2A 


sin A +2sin A cos A 
1+cos A+ (2 cos?A — 1) 


_ sinA(1 +2 cos A) 
~ cosA+2cos2A 


_ sin A(1 +2 cos A) 
~ cos A(1+2cos A) 


=tanA 


= RHS. 


Level-Two-Games 


1 
a (cota —tan A) = cot 2A 


Eyeballing and Mental Gymnastics 


1. cot=c/s,t=s/c 
2. cot 2A = cos 2A/sin 2A 
3. rearrange and simplify. 


LHS = 
_ 1/cosA sinA 
~ 2\sinA  cosA 


_ 1 (cos? —sin?A 
~ 2\ sinAcosA 
cos 2A 
sin 2A 
= cot 2A 


(cot A — tan A) 


NI 


= RHS. 
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cosec A sec A = 2 cosec 2A 


Eyeballing and Mental Gymnastics 


1. cosec = 1/sin, sec = 1/cos 
2. cosec 2A suggests 1/sin 2A 
3. rearrange and simplify. 


LHS = cosec A sec A 
1 1 
sinA cosA 


i. 1 2 
~ sinAcosA \2 


_ 2 
~ 2sinAcosA 


2 
sin 2A 
= 2 cosec 2A 


= RHS. 
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cos(A + B) 


- =cot B—tanA 
cos Asin B 


Eyeballing and Mental Gymnastics 


1. cos(A+B) suggests expansion 
2. cot=c/s 
3. rearrange and simplify. 


cos(A + B) 
~ cos Asin B 
cos A cos B—sinA sin B 
~— cosAsinB 
cot B—tanA 


= RHS. 
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A sec B 
sec A sec eesti By 


1+tan A tan B 


Eyeballing and Mental Gymnastics 


1. sec(A — B) suggests expansion 

2. sec =1/cos,t=s/c 

3. begin with RHS since sec(A — B) = 1/cos(A — B) which is standard 
“compound angle” function 

4. rearrange and simplify. 


RHS = sec(A — B) 


1 
~ cos(A —B) 
— ——— re divide both 
cos A cos B+ sinA sin B eens 
sec A sec B and denominator 
> on Gea cA TED: by cos A cos B 
1+tan A tan B 


= LHS. 
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cosec Acosec B 
cot A cot B— 1 


= sec(A + B) 


Eyeballing and Mental Gymnastics 


1. sec(A+B) suggests expansion 

2. cosec = 1/sin, sec = 1/cos, cot =c/s 

3. begin with RHS since sec(A + B) = 1/cos(A+B) which is a standard 
“compound angle” function. 

4. rearrange and simplify. 


RHS = sec(A + B) 


1 
~ cos(A +B) 
= eee. eee divide both 
cos A cos B—sinA sin B numerator 


and denominator 


cosec Acosec B bys siB 


- cot A cot B— 1 


= LHS. 
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cotAcotB+1 _ 


= cot(A — B) 
cot B—cotA 


Eyeballing and Mental Gymnastics 


1. cot(A — B) suggests expansion 

2. cot=1/tan 

3. begin with RHS since cot(A — B) = 1/tan(A — B), and tan(A — B) is a standard 
“compound angle” function 

4. rearrange and simplify. 


RHS = cot(A — B) 


1 
~ tan(A — B) 
_ 1+tanA tan B 
tan A —tan B 
cotA cotB+1 divide both 
= cot B —cot A numerator 


and denominator 
= LHS. by tan A tan B 


Level-Two-Games 


cos(A + B) 


=1-—-tanAtanB 


cos A cos B 


Eyeballing and Mental Gymnastics 


1. cos(A +B) suggests expansion 
2. t=s/c 
3. rearrange and simplify. 


LHS = ———— 
cos A cos B 


cos A cos B 


sinA sin B 


cos A cos B 


= 1-—tanAtanB 


= RHS. 


cos A cos B—sinA sin B 
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sin(A + B) 


=1+cotAtanB 


sin A cos B 


Eyeballing and Mental Gymnastics 


1. sin(A+ B) suggests expansion 
2. cot=c/s,t=s/c 
3. rearrange and simplify. 


LHe = sin(A +B) 
sin A cos B 
__ sinA cos B+cosA sin B 
sin A cos B 
_ cos A sin B 
sin A cos B 
=1+cotA tanB 


= RHS. 
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1—tanAtanB_ cos(A+B) 


1+tanAtanB~ cos(A—B) 


Eyeballing and Mental Gymnastics 


. cos(A + B), cos(A — B) suggest expansion 

.t=s/c 

. begin with RHS which are standard “compound angle” functions 
. rearrange and simplify. 


BRWN eR 


cos(A +B 
RHS = costa 2) ze 
cos(A — B) 
__ cos A cos B — sin A sin B divide both 
~ cos A cos B+sinA sin B numerator 
a re and denominator 
ee by cos A cos B 
1+tan A tan B 


LHS. 


II 
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tanA+tanB _ sin(A+B) 


tanA—tanB sin(A—B) 


Eyeballing and Mental Gymnastics 


. sin(A+B), sin(A — B) suggest expansion 
.t=s/c 


BRWN re 


. rearrange and simplify. 


sin(A + B) 


RHS = ————— 
sin(A — B) 
sin A cos B+ cosA sin B 


sin A cos B—cosA sin B 


tan A+tan B 


~ tan A—tanB 


LHS. 


II 


. begin with RHS which are standard “compound angle” functions 


divide both 
numerator 

and denominator 
by cos A cos B 
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A-—sinA A+sinA 
COs sin cos A + sin Seay 


cosA+sinA ay cos A —sinA 


Eyeballing and Mental Gymnastics 


. sec = 1/cos 

. 2A suggests “double angle” 
. common denominator 

. rearrange and simplify. 


BRWN Re 


a cosA—sinA cosA+sinA 


LHS = ————— + ————_. 
cosA+sinA cosA—sinA 


(cos A — sin A)* + (cos A+sin A)? 
(cos A + sin A)(cos A — sin A) 


(cos?A — 2 sin A cos A+ sin?A) + (cos?A +2 sin A cos A+ sin? A) 
cos?A — sin?A 


_()+() 
cos 2A 


=2 sec 2A 
=RHS. 


280 


cotA —tanA 


cotA+tanA 


Trig or Treat 


= cos 2A 


Eyeballing and Mental Gymnastics 


1. cot=c/s,t=s/c 
2. common denominators 
3. rearrange and simplify. 


LHS = 


cotA —tanA 
cot A+ tan A 
cosA sinA 
sinA__cosA 
cosA sinA 
snA cosA 


cos7A — sin?A 


sin A cos A 


cos? A — sin?A 


cos2A + sin?A 


cos 2A 
1 


= cos 2A 


= RHS. 


sin A cos A 
cos2A +sin?A 
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cosA—cosB sinA—sinB 0 


sinA+sin B a cosa ccos B 


Eyeballing and Mental Gymnastics 


1. common denominators 
2. rearrange and simplify. 


cos A —cos B sin A — sin B 
LHS = | ———_—_ } + | ————— 
sin A+ sin B cosA+cos B 

__ (cos A —cos B)(cos A + cos B) + (sin A — sin B) (sin A + sin B) 


7 (sin A + sin B)(cos A + cos B) 


(cos? A — cos” B) + (sin? A — sin? B) 


~ (sin A + sin B)(cos A + cos B) 


(cos?A + sin? A) — (cos? B + sin? B) 


~ (sin A + sin B)(cos A + cos B) 


eee el) 
~ (sin A +sin B)(cos A + cos B) 


=0 
= RHS. 
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A+sinA A-—sinA 
cos A + sin cos sinA _ et ok 


cosA—sinA — cosA+sinA 


Eyeballing and Mental Gymnastics 


. common denominators 

. tan 2A suggest “double angle” formula 
. lots of cos’, sin? suggest °+C = 

. rearrange and simplify. 


BRWNe 


cosA+sinA cos A—sinA 
LHS = | ——————_ } — | ——————_- 
cosA—sinA cosA+sinA 


(cos A + sin A)(cos A + sin A) — (cos A — sin A) (cos A — sin A) 
(cos A — sin A)(cos A + sin A) 


(cos?A +2 sin A cos A+ sin*A) — (cos*A —2 sin A cos A + sin? A) 


cos2A — sin?A 


_ 4sin A cosA 
cos 2A 


agen) 
~ “cos 2A 
=2 tan 2A 


=RHS. 


Level-Two-Games 


(4 sin A cos A)(1 —2 sin A) = sin 4A 


Eyeballing and Mental Gymnastics 


1. 4sinA cos A = 2(2 sinA cos A) = 2 sin 2A 
2. (1—2sin?A) =cos 2A 
3. rearrange and simplify. 


LHS = 4 sin A cos A(1 —2 sin” A) 
= 2(2 sin A cos A)(cos 2A) 
= 2(sin 2A) (cos 2A) 
= sin 4A 
= RHS. 


283 


284 Trig or Treat 


sin 3A cos A — sin A cos 3A 


1 
sin 2A 


II 


Eyeballing and Mental Gymnastics 


1. sin A cos B—cosA sin B = sin(A — B) 
2. rearrange and simplify. 


sin 3A cos A — sin A cos 3A 


oe sin 2A 
__ sin(3A — A) 
sin 2A 
__ sin 2A 
sin 2A 


Level- 


tan (4 — 


Two-Games 


*) _ tanA-—I 
4/ ~~ tanA+1 


Eyeballing and Mental Gymnastics 


1. t=s/c 


2. (A—(2/4)) suggests expansion of “compound angle 


3. rearrange and simplify. 


LHS = 


” 


tan (4 — =) 
A 
tan A — tan ce 
4 


TU 
1+tan A tan — 
4 


tan A — 1 
1+tanA 


tan A — 1 


~ tanA+1 


II 


RHS. 


1% 
tan— = 1 
4 
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cossA—sin?A — 2+sin2A 


cosA—sinA 2 


Eyeballing and Mental Gymnastics 


1. cos? —sin? suggests (a> — b?) = (a—b)(a? + ab +b?) 
2. sin 2A suggests “double angle” 
3. rearrange and simplify. 


cos°A — sin? A 


cos A—sinA 


LHS = 


(cos A — sin A)(cos*A + cos A sin A + sin” A) 
(cos A — sin A) 


= (1+ cosA sin A) 


1 
= g(2+2c0sA sin A) 


- 2+ sin 2A 
-_ Dp) 
= RHS. 


Level-Two-Games 


Eyeballing and Mental Gymnastics 


1. common denominator 
2. sin(A — B) expansion 
3. rearrange and simplify. 


sin3A  cos3A 


LHS = — 
sin A cos A 


sin A cos A 
sin(3A — A) 
sin A cos A 
sin 2A 

50 sin A cos A) 
2A 

sin 2A 
=2 
= RHS. 


sin 3A cos A —cos 3A sinA 
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2 cot A cot 2A =cot?A—1 


Eyeballing and Mental Gymnastics 


1. cot=c/s 
2. cos 2A, sin 2A suggest expansion 
3. rearrange and simplify. 


LHS = 2 cot A cot 2A 


- 7008 A cos2A 
~ “sinA sin2A 


_,cosA (cos?A — sin” A) 


sin A 2sinAcosA 


1 
= aa (cos? A — sin? A) 


=cot?A—1 


= RHS. 


Level-Two-Games 


1 
5 sec Acosec A = cosec 2A 


Eyeballing and Mental Gymnastics 


1. sec = 1/cos, cosec = 1/sin 
2. cosec 2A = 1/sin 2A 
3. rearrange and simplify. 


LHS = 5 sec Acosec A 


oe ee! 1 

~ 2cosA sind 

_ 1 

~ 2sinAcosA 
1 

sin 2A 


= cosec 2A 


= RHS. 
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2 
tanA+cotA = ——_ 
sin 2A 


Eyeballing and Mental Gymnastics 


1. t=s/c, cot=c/s 
2. sin 2A suggests “double angle” 
3. rearrange and simplify. 


LHS = tanA+cotA 


sinA  cosA 


cosA sinA 
sin? A +cos?A 
sin A cos A 


1 
sin A cosA 


2 
2sinAcosA 
2 
sin 2A 
= RHS. 


Level-Two-Games 


Eyeballing and Mental Gymnastics 


1. A/2 suggests expansion of cos A 
2. cosec = 1/sin 
3. rearrange and simplify. 


LHS = 


291 
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2 A 
= sec? — 


1+cosA 2 


Eyeballing and Mental Gymnastics 
1. A/2 suggests expansion of cos A 
2. sec? = 1/cos* 

3. rearrange and simplify. 


LHS = ———— 
1+cosA 


2 


A 
1 2 cos? — —1 
+( cos’ 5 ) 
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A 
(1 + cos A) tan = =sinA 


Eyeballing and Mental Gymnastics 


1. tan(A/2) suggests expansion of cos A as cos 2(A/2) and sin A as sin 2(A/2) 
2. rearrange and simplify. 


A 
LHS = (1+ cos A) tan a 


A A 
=(|1 2A tan — 
( +cos ()) an 5 
A A 
= (14 (2008°5 -1) ) tan 


_A 
A sin 
_ oe. 2 
= 2cos 5 A 
cos — 
2 
A 
=? cos — sin — 
cos sin 5 
= sinA 


294 Trig or Treat 


Eyeballing and Mental Gymnastics 


Ww 


+c? = (s+c)(s? —sce+c?) 
r+ce=1 

. sin2A =2sinAcosA 

. rearrange and simplify. 


ARN SD 


sin? A + cos? A 
sin A +cosA 


LHS = 


(sin A + cos A)(sin?A — sin A cos A + cos? A) 
(sin A + cos A) 


= sin*A — sin A cos A+cos*A 
= 1-—sinAcosA 

1 
=|- 5 (2 sin A cos A) 


sues sin 2A 
= y) 


= RHS. 
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Eyeballing and Mental Gymnastics 


1. sec = 1/cos, sec 2A = 1/cos 2A 
2. sec? suggests s? +c? =1 
3. rearrange and simplify. 


LHS — sec2A 
~ 2—sec2A 
1 1 
~ cos2A 2 
cos?A 
1 cos? A 


cos*A (2cos*A —1) 
_ 1 
~ 2cos?A—1 
1 
cos 2A 


= sec 2A 


II 


RHS. 
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A 


Eyeballing and Mental Gymnastics 


1. cosec = 1/sin, cot=c/s,t=s/c 
2. A/2 suggests expansion of sin A, cos A 
3. rearrange and simplify. 


LHS = cosec A — cot A 
1 cos A 
snA  sinA 
l—cosA 
sin A 


A 
t= sia? — 
( sin 5) 


0 si A A 
sin — cos — 
2 2 


A 
2 sin? — 
eae) 


0 si A A 
sin — cos — 
2 2 
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A 
sin A tan = =1-—cosA 


Eyeballing and Mental Gymnastics 


1. tan(A/2) suggests expansion of sin A as sin 2(A/2), and cos A as cos 2(A/2) 
2. t=s/c 
3. rearrange and simplify. 


; A 
LHS = sin A tan 5 


_A 
A ina) 
= 2 sin —-cos —- 
sin 5 COs 5 4 
cos — 
A 
= 2 sin? — 
sin 5 
A 
= | 2sint——1 
(2sin 5 )+ 
= 1-—cosA 


= RHS. 
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sin 2A tan A = 1—cos 2A 


Eyeballing and Mental Gymnastics 


1. Expand “double angle” 
2. t=s/c 
3. rearrange and simplify. 


LHS = sin 2A tanA 


inA 
anid GORA on 
cos A 


=2sin?A 
= (2sin?7A—1)+1 
= 1—cos 2A 


= RHS. 


Level-Two-Games 


cosec 2A — cot 2A = tan A 


Eyeballing and Mental Gymnastics 


1. 2A suggests expansion of “double angle” 
2. cosec = 1/sin, cot=c/s,t=s/c 
3. rearrange and simplify. 


LHS = cosec 2A — cot 2A 


1 cos 2A 
~ sin2A sin 2A 
1—cos 2A 
~ sin 2A 
_ 1-(1-2sin?A) 
2sin A cosA 
sin A 
ae cos A 
=tanA 


= RHS. 
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A 
tan (45 + 5) =tanA+secA 


Eyeballing and Mental Gymnastics 


1. (45°+A/2) suggests expansion of “compound angle” 
2. A/2 suggests “half angle” expansion 
3. both sides are complex; hence explore simplification on both sides to achieve 


identity. 
LHS = tan (45° + +) 
A 
tan 45° + tan 5 


RHS 


1 —tan 45° ae 
2 
1l+t e 
an— 
2; 
A 
1 —tan— 
2 


= tanA+secA 
sin A 1 
cosA  cosA 
sinA +1 
~cosA | 


Sait AoA uA 
sin — COs — cos” — sin’ — 
Paes 2 2 


A A 
cos? — — sin? — 
2 7) 
Audet : Passed 
sin — + cos — sin — +cos— 
= 2 2, _ 2 2; 
~ A A A  A\ A .A 
cos—+sin— } {| cos — —sin = cos — — sin — 
2 2 2 2 2 2 
tan . +1 divide numerator 
a and denominator 
ee A 
1—tan 5 by cos . 


= simplified form of LHS. 


Level-Two-Games 301 


A more elegant proof comes from the use of the application of Pythago- 
ras Theorem with respect to the “half angle formula” of tan A. 


A 
2 tan — 
faa 2 


Let t = tan(A/2). 
Then from Pythagoras Theorem 
2t 


the hypotenuse = ,/(2r)? + (1 — 17)? 


= (TeIRATA 


=1+? 


1-12 


”.RHS = tanA+secA 


1 
= tan A + —— 
ae, cos A 


ee: Lag 
Sa? t= 


here t = t 2 
where tf = tan — 
2 


— 142t4+0° 

“T= P) 
(+1)? 

(1+r)(1—-1) 


2 
a 


pada 
= 2 


1-t . 
2 


= simplified form of LHS. 
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tan A 
=cos 2A 


tan 2A — tan A 


Eyeballing and Mental Gymnastics 


1. t=s/c 
2. 2A suggests expansion of “compound angle” 
3. rearrange and simplify. 


LHS — tan A 

~ tan 2A —tanA 

- sin A 1 

~ cosA sin2A sinA 
cos2A cosA 

= sin A cos Acos 2A 

~ cosA (sin 2A cos A — sin A cos 2A) 

_ sin A cos 2A 

~ (sin 2A cos A — cos 2A sin A) 

7 sin A cos 2A 

~ sin(2A — A) 

= cos 2A 


RHS. 


II 
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sec 2A — tan 2A = tan(45° — A) 


Eyeballing and Mental Gymnastics 


1. 2A, (45° —A) suggest expansion of “compound angles” 

2. since both LHS and RHS have complex functions, explore simplification of 
both side to achieve identity. 

. sec=1/cos,t=s/c 

4. rearrange and simplify. 


1S) 


LHS = sec 2A — tan 2A 
1 sin 2A 


cos2A cos 2A 
_ 1—sin2A 
~~ cos 2A 


(cos?A + sin? A — 2 sin A cos A) 
cos?A — sin? A 


(cos A — sin A)? 
(cos A + sin A)(cos A — sin A) 


(cos A — sin A) 
(cos A + sin A) 


_ I-tanA dividing all terms 
~ 1+tanA by cos A to prepare 
for comparison 
RHS = tan(45° — A) with RHS. 


tan 45° —tan A 
1+tan 45° tan A 


1—tanA 
1l+tanA 


LHS. 
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BA cA A 


A 
2 sin? — — sin? — = cos? — — cos — 
6 p 7 3 


Eyeballing and Mental Gymnastics 


1. sin?(A/7), cos?(A/7) suggest s? +c? = 
2. A/3 suggests “double angle” formula to give A/6 
3. rearrange and simplify. 


A A 
LHS = 2 sin? — — sin? — 
sin 6 sin 7 


A A 
=9 sin = =| T= cos? = 
6 7 
A A 
= (2sin?—-1 ae 
( sin F ) 008 7 


A A 
= —cos 2 (=) + cos? 7 


2A 
= cos* = — cos = 
7 


3 
= RHS. 
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sin 2A 
=tanA 


1+cos 2A 


Eyeballing and Mental Gymnastics 
1. 2A suggests expansion of “double angle” 
2. rearrange and simplify. 
sin 2A 
1+ cos 2A 
2 sin A cos A 


LHS = 


2 2sin A cosA 
~ 2cos2A 


sin A 


cos A 


=tanA 


= RHS. 


1+(2cos*A—1) 
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tan A + cot A = 2cosec 2A 


Eyeballing and Mental Gymnastics 


1. t=s/c, cot=c/s, cosec = 1/sin 
2. 2A suggests “double angle” 
3. rearrange and simplify. 


LHS = tanA+cotA 


sinA  cosA 


cosA  sinA 


sin? A + cos*A 
cos A sin A 
1 
cos A sinA 
2 1 
~ 2 cosAsinA 
2 
sin 2A 
= 2cosec 2A 


= RHS. 
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2 cos?(45° —A) =1+sin2A 


Eyeballing and Mental Gymnastics 

1. c* suggests s*+c? =1 

2. (45°—A), 2A suggest expansion of “compound angles” 
3. rearrange and simplify. 


LHS = 2 cos”(45° — A) 


= 2(cos 45° cos A + sin 45° sin A)? 


2 
—) (Pena Pana) 


2 
= (2) (cos A + sin A)? 


=cos?A+2sinAcosA+sin*A 
= 1+sin 2A 


= RHS. 
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cos(A + B)cos(A — B) = cos*B— sin? A 


Eyeballing and Mental Gymnastics 


1. Expand “compound angles” 
2. c?, s* suggest s?-+c* = 
3. rearrange and simplify. 
LHS = cos(A + B) cos(A — B) 
= (cos A cos B— sin A sin B)(cos A cos B+ sin A sin B) 
= cos A cos” B— sin” A sin” B 


cos” B(1 — sin?) — sin” A sin? B 


cos” B — cos’ B sin? A — sin? A sin? B 
= cos” B— sin” A(cos* B + sin” B) 
= cos*B—sin*A 


= RHS. 
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cos(A + B)cos(A — B) = cos*A — sin? B 


Eyeballing and Mental Gymnastics 


1. Expand “compound angles” 
2. c?, s* suggest s?-+c* = 
3. rearrange and simplify. 
LHS = cos(A + B) cos(A — B) 
= (cos A cos B— sin A sin B)(cos A cos B+ sin A sin B) 
= cos”A cos” B— sin” A sin” B 


cos” A(1— sin” B) — sin” A sin? B 


cos” A — cos” A sin? B — sin? A sin? B 
= cos” A — sin’ B(cos*A + sin” A) 
= cos*A —sin?B 


= RHS. 
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sin(A + B)sin(A — B) = sin? A — sin? B 


Eyeballing and Mental Gymnastics 


1. Expand “compound angles” 
2. s* suggests *° +? = 
3. rearrange and simplify. 


LHS 


sin(A + B) sin(A — B) 

(sin A cos B+ cos A sin B)(sin A cos B—cos A sin B) 
sin? A cos” B— cos” A sin” B 

sin? A(1 — sin? B) — cos” A sin? B 

sin? A — sin” A sin? B—cos”A sin” B 

sin? A — sin? B(sin? A + cos” A) 

sin A — sin? B 


RHS. 
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sin(A + B) sin(A — B) = cos? B—cos?A 


Eyeballing and Mental Gymnastics 


1. Expand “compound angles” 
2. c? suggests 7 +c? = 
3. rearrange and simplify. 
LHS = sin(A+ B)sin(A — B) 
= (sinA cos B+ cos A sin B)(sin A cos B— cos A sin B) 
= sin’ A cos” B—cos”A sin? B 
= cos” B(1 — cos”A) —cos”A sin? B 
= cos’ B— cos” A cos” B— cos” A sin” B 
= cos” B— cos” A(cos” B+ sin’ B) 
= cos* B—cos”A 


= RHS. 
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secA+1 _ 


——— =cot 
sec A — 1 


24 
2 


Eyeballing and Mental Gymnastics 


1. sec = 1/cos, cot = c/s 
2. A/2 suggests expansion of cos A 
3. cot? suggests s*+c? =1 
4. rearrange and simplify. 
LHS = secA+ 1 
secA—1 


1 
1 
_ (— ¥ ) 


aa) 
—1 
cos A 
_ 1l+cosA cos A 
7 cos A 1—cosA 


- 1+cosA 
~ 1—cosA 


A 
Bae cogs I 
+( COs 5) ) 
A 
1 (152807 — 
( sin 5) 


A 
2 cos* — 
cos 5 


A 
2 sin? — 
2 


A 
= cot? — 
2 


= RHS. 


Level-Two-Games 


Eyeballing and Mental Gymnastics 


1. sec = 1/cos 
2. 2A suggests “compound angle” 
3. rearrange and simplify. 


LHS = ———— 
2—sec2A 


~ ¢os2A 1 
2 
cos2A 


_ 1 cos?A 

~ cos?A (2 cos?2A — 1) 
at wl 

~~ cos 2A 

= sec2A 


RHS. 


II 
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1 
git —cos 4A) = sin? A cos?A 


Eyeballing and Mental Gymnastics 


1. cos 4A suggests expansion twice: cos 4A — cos 2A — cos A 
2. s?, c? suggest ?° += 
3. rearrange and simplify. 


LHS = —(1—cos 4A) 
(1-(2 cos? 2A — 1)) 
(2—2(2 cos? A — 1)7) 


-2(1— (4 cos*A — 4 cos*A+1)) 


(4 cos” A(cos*A — 1)) 


Ble cole ole COlrR Olr 


= cos* A(sin? A) 
= sin*A cos*A 


= RHS. 


Level-Two-Games 


Eyeballing and Mental Gymnastics 


1. cot=c/s,t=s/c 
2. cot 2A = cos 2A/sin 2A 
3. rearrange and simplify. 


LHS = 


cot?A — 1 
2cotA 


1 1 
—{cotA— 

2 cotA 
(cot A — tan A) 
1/fcosA sinA 
2\sinA  cosA 
1 /cos2A—sin2A 
2 sin A cos A 
cos 2A 

sin 2A 


NIe 


= cot 2A 


= RHS. 
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2tanA 
= =sin2A 


1+tan2A 


Eyeballing and Mental Gymnastics 


1. t=s/c 
2. 2A suggests “double angle” 
3. rearrange and simplify. 


2tanA 
1+tan2A 


inA 
2(= ) 
cos A 
i sin A \? 
cos A 
= (=) ( cos7A ) 
= cos A cos2A +sin7A 
_ Sind cos?A 
~ “cosA 1 


=2sinAcosA 


LHS = 


= sin 2A 


= RHS. 


Level-Two-Games 


1—tan?A 
=cos 2A 


1+tan2A 


Eyeballing and Mental Gymnastics 


1. t=s/c 
2. 2A suggests “double angle” 
3. rearrange and simplify. 


1—tan2A 


LHS = ————— 
1+tan2A 


cos A 


7 an = =) ( cos?A ) 
= cos2A cos2A + sin?A 


(cos?A —sin?A) cos*A 
cos*A 1 


Serco 


= cos?A —sin?A 
= cos 2A 


= RHS. 
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The previous two identities are part of the series of tan 2A, sin 2A and 
cos 2A in terms of tan A. 


tan 2A = _2tan A 
1—tan2A 
: 2tanA 
sin 2A = ———— 
1+tan2A 
1—tan2A 
cos 2A = ———~—— 
1+tan2A 


The “double angle” formula for tan is well known to generations of 
students. But few are those who know about these special formulas for 
sin2A and cos2A in terms of tan A. You are among the very few. Test it 
out yourself with your friends! 

An easy way to remember the three identities is to write tan A as ¢. 


2t 


then: tan 2A = 
1-?? 


From Pythagoras Theorem, the hypotenuse is given by: 
(2)? + (1 — #7)? 
= V4? +1-—2r7+14 

= V1+21?+14 


=14+?7 
Then: 
2t 
pt ae and 
H 14+? 
Ae AS? 
cos 2A = — = ——~. 
H 14+f 
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This sin 2A equation is one of the amazing equations in Trigonometry 
where a slight difference (from minus to plus sign in the denominator) 
changes the tangent identity for the double angle to the sine identity for the 


same double angle. 
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cos 2A 


sin A 


Eyeballing and Mental Gymnastics 


1. 2A suggests expansion of “double angle” 
2. cosec = 1/sin 
3. rearrange and simplify. 


cos2A  sin2A 
LHS = ——— + —— 
sin A cos A 


cos?A—sin*?A 2sinAcosA 
sin A cosA 


1—2sin?A : 
= —W—— 4+2sinA 
sin A 
1—2sin?A+2sin7A 
sin A 
1 
sin A 
= cosec A 


= RHS. 
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z sin(A = B) =cotA—cotB 


cos(A + B) — cos(A — B) 


Eyeballing and Mental Gymnastics 


1. (A+B), (A—B) suggest expansion of “compound angles” 
2. cot=c/s 
3. rearrange and simplify. 


_ 2 sin(A — B) 
~ cos(A +B) —cos(A — B) 


2(sin A cos B— cos A sin B) 
(cos A cos B — sin A sin B) — (cos A cos B+ sin A sin B) 


2(sin A cos B — cos A sin B) 


—2 sinA sin B 
__ (cos A sin B — sin A cos B) 
7 sin A sin B 
=cotA—cotB 


= RHS. 
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cos2A — cotA—1 


1+ sin 2A _ cotA+ 1 


Eyeballing and Mental Gymnastics 


1. cos 2A, sin 2A suggest expansion 
2. cot=c/s 
3. rearrange and simplify. 


cos 2A 


LHS = ————— 
1+sin 2A 


(cos? A — sin? A) 
1+2sinAcosA 
cos? A — sin?A 
cos2A +sin?A +2 sin A cos A 
(cos A — sin A)(cos A + sin A) 
(cos A + sin A)? 
__ cos A-—sinA 
~ cosA+sinA 
cot A — 1 
cotA+1 
RHS. 


II 


dividing both the 
numerator and 
the denominator 
by sin. 


Level-Two-Games 


tAcot B—1 
ee = cot(A + B) 


cotA+cot B 


Eyeballing and Mental Gymnastics 


. (A+B) on RHS suggests expansion 

. cot = 1/tan 

. begin with RHS expansion of tan(A + B) 
. rearrange and simplify. 


BRWNe 


RHS = cot(A+ B) 
_ 1 
~ tan(A +B) 
= 1—tanA tan B 
~ tanA+tanB 


cot A cot B— 1 divide both 


numerator 
cot B+ cotA . 
and denominator 


_ cotA cot B—1 by tan A tan B 
~ cotA+cotB 


= LHS. 
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3 sinA —4 sin? A = sin 3A 


Eyeballing and Mental Gymnastics 


1. 3A suggests expansion of “compound angle” twice 

2. rearrange and simplify 

3. the RHS is a standard function, easy to expand, twice. 

RHS = sin 3A 

= sin(2A + A) 
= sin 2A cos A+ cos 2A sinA 
= 2sin A cos A-cos A+ sin A(cos”A — sin? A) 
= 2sin A cos*A+sinA cos”A — sin? A 
= 3sinAcos*A—sin’A 
= 3 sin A(1—sin? A) — sin? A 
=3sinA—3sin°A—sin?A 
=3sinA—4sin°?A 


= LHS. 
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3 tan A —tan?A 


= tan 3A 
1-3 tan2A on 


Eyeballing and Mental Gymnastics 


1. RHS tan 3A is standard double expansion of tan(2A + A) and tan 2A. 
2. begin with RHS (an exception to normal practice) 
3. rearrange and simplify. 


RHS = tan 3A 


= tan(2A +A) 


= tan 2A + tan A 
~ 1—tan 2A tan A 


2tanA 4 feck 
1—tan2A 


2tanA 
— ——— tanA 
1—tan2A 


2 tan A+tan A —tan?A 


= 1—tan2A 
1—tan?A —2tan?A 
1—tan2A 


- 3 tan A —tan?A 
1-3 tan2A 


= LHS. 
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tan(45° + A) tan(45° — A) = cot(45° +A) cot(45° — A) 


Eyeballing and Mental Gymnastics 


1. tan 45° = 1, cot 45° = 1 

2. both sides equally complex; therefore maybe easier to work on both sides to 
reduce to common terms 

. ( ) suggests expansion 

4. rearrange and simplify. 


1S) 


LHS = tan(45° + A) tan(45° — A) 


_ (tan45°+tanA) (tan 45° — tan A) 
1—tan 45° tan A) (1+ tan 45° tan A) 


— ( 

_ (l+tanA) (1~tanA) 
~ (1—tanA) (1+tan A) 
=1 


RHS = cot(45° + A) cot(45° — A) 


1 1 
~ tan(45°-+A)  tan(45° —A) 


_ (1—tan 45° tan A) (1+ tan 45° tan A) 
~ (tan45°+tanA) (tan 45° — tan A) 


_ (1—tanA) (1+tan A) 
~ (1+tanA) (1—tanA) 


= 
= simplified form of LHS. 


Level-Two-Games 


sin A + sin 2A ; A 
——_—___— = tan= 
2+3cosA-+cos 2A 2 
Eyeballing and Mental Gymnastics 
1. sin 2A, cos 2A suggest “double angle” expansion 
2. (A/2) on RHS suggests “half-angle formula” 
3. rearrange and simplify. 
sin A + sin 2A 
LHS = ———_ 
2+3cosA-+cos 2A 
_ sinA+2 sin A cos A 
~ 2+3cos A+ (2 cos2A — 1) 
sin A(1+2cos A) 
~ 14+3cosA+2cos?A 
sin A(1 +2 cos A) 
~ (1+cos A)(1 +2 cos A) 
A A 
2 sin — cos = 
sin 5) cos 5) 


A 
Weee = 
cos 5 


A 
1+ | 2cos*——1 
+( cos* = ) 


D si A A 
sin — cos — 
2 2 
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A 2A A 
cosec A tan — — seUhes = 4 sin* — 
2 1+cosA 2 


Eyeballing and Mental Gymnastics 


. cosec = 1/sin 

. 2A, A/2 suggest expansion using “double angle”, “half angle” formulas 
. common denominator 

. rearrange and simplify. 


BRWNe 


LHS = er ee ASAE. 
2 1+cosA 
_A 
_ 1 si (2. cos?A — 1) 
i oh. A. A. —~ pices a 
2sin—cos— cos — Pcosa 
2 2 2 
1 (2 cos*A — 1) 


a. ae ees ae 

Perego ae 
cos 5) 1+ (200s 5 1) 
1 (2 cos*A — 1) 


A A 
2 28 2 Qe 
COs 5) COs 5) 


1—(2cos?A—1) 


A 
2 cos? — 
_ 2—2cos?A 
A 
2 cos? — 
_ 1—cos?A 
A 
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sin? A 


A 
pe 
cos 5 


pits 5 
sin — COS — 
Page) 


A 
Dee 
cos 5 


A A 
Asi la ee 
sin Aes 5) 


A 
2 te. 
cos 5 


A 
— 4 sin? — 
ao 


= RHS. 
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sin 2A cosA—2cos 2A sinA _ 


2 sin A — sin 2A 


Eyeballing and Mental Gymnastics 


1. 2A suggests “double angle” expansion 
2. 2 cos?(A/2) on RHS suggest cos A = 2 cos*(A/2) —1 
3. rearrange and simplify. 


sin 2A cos A — 2 cos 2A sinA 
2 sin A — sin 2A 


- 2 sin A cos A-cos A —2.cos 2A sinA 
= 2sinA—2sinAcosA 


LHS = 


__ 2 sin A(cos*A — cos 2A) 
~ 2 sin A(1 —cos A) 


cos” A — (2 cos” A — 1) 


l—cosA 
_ 1-cos?A 
~ 1—cosA 
_ (1—cos A)(1+ cos A) 
(1 —cos A) 
= (1+cos A) 
A 
=1+(2cos*—-1 
+( cos 5 ) 
A 
= 2 cos? — 
cos 5 


= RHS. 


Level-Two-Games 


cos A snA  — sinA+cosA 


Eecasds I= cosk sin 2A 


Eyeballing and Mental Gymnastics 


1. 2A suggests expansion of “compound angles” 
2. rearrange and simplify. 


cos A sin A 

1+cos2A 1—cos2A 

cos A(1 — cos 2A) + sin A(1 + cos 2A) 
(1+ cos 2A)(1 — cos 2A) 


LHS = 


__ cos A(1 — (2 cos”A — 1)) + sin A(2 cos? A) 


(1 —cos? 2A) 
__ cos A(2 —2 cos*A) +2 sin A cos”A 
sin? 2A 
_ 2cosA—2 cos*A +2 sin A cos?A 
sin? 2A 
__ 2. cos A(1 —cos*A + sin A cos A) 
sin? 2A 
__ 2cos A(sin?A + sin A cos A) 
sin? 2A 
_ 2cos A sin A(sin A + cos A) 
sin? 2A 
sin 2A (sin A + cos A) 
sin? 2A 
_ (sinA+cos A) 
sin 2A 


= RHS. 
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l+tanA 1-—tanA 


—————_ + ———_ = 2 sec 2A 
1l—tanA 1-+tanA 


Eyeballing and Mental Gymnastics 


1. t=s/c, sec = 1/cos 

2. 2A suggests “double angle” 
3. common denominator 

4. rearrange and simplify. 


l+tanA 1-—tanA 


LHS = + ——— 
1l—tanA 1+tanA 


+tan A)* + (1—tan 
1 A)*+(1 A)? 
(1 — tan A)(1 + tan A) 


(1+2 tan A +tan?A) + (1 —2 tan A +tan?A) 


1—tan2A 
_ 2+2tan?A 
1 —tan?A 
_ 2(1+tan* A) 
1 —tan?A 
1 
= 2-(sec* A) ——.— 
( ) sin? A 
cos?A 
—?2. sec7A : __cos*A 
(cos?A — sin? A) 
_ 1 
~ “cos 2A 
= 2 sec 2A 


= RHS. 
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tcos2A+1 _ tan(45°+A) 


-cos2A—1 tan A 


Eyeballing and Mental Gymnastics 


. 2A suggests expansion of “compound angle” 

. tan(45° +A) suggests expansion of “compound angle” 
. both sides to be simplified before identity is established 
.t=s/c 

. rearrange and simplify. 


nABWN eR 


sin 2A +cos 2A + 1 
sin 2A + cos 2A — 1 


(2 sin A cos A) + (cos? A — sin? A) + (cos? + sin? A) 
(2 sin A cos A) + (cos? A — sin? A) — (cos?A + sin? A) 


_ 2sinA cos A +2 cos*A 
~ 2sinA cosA—2sin2A 
__ 2cos A(sin A + cos A) 
~ 2sin A(cos A— sin A) 


__ 1 /tanAr+l dividing all 
tanA \1l—tanA terms by cos A. 


tan(45° + A) 
tan A 


_ tan 45° + tan A 1 
~ \ 1 —tan 45° tan A tan A 


1 1+tanA 
_ eae ecard |tan 45° = 1 
tanA \1—tanA 


RHS = 


= simplified form of LHS 
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1—sinA 
(=) =secA—tanA 


1+sinA 


Eyeballing and Mental Gymnastics 


1. square the sq root function 
2. rearrange and simplify. 


1—sinA 
LHS = ,/——-—— 
1l+sinA 


l—sinA 
(Hs =o 
1l+sinA 
= 1—sinA 1—sinA 
~ [+sinA 1l—sinA 
_ (1=sin A)? 
~ {—sin?A 
_ (1—sin A)? 
cos2A 


_ 1 sin A \? 
~ \cosA  cosA 
= (sec A—tan A)” 


= (RHS)* 
~. LHS = RHS. 
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sin?2A+2cos24—1 _ 1 


sin? 2A +3 cos 2A —3 ~ T—sec 2A 


Eyeballing and Mental Gymnastics 


1. s? suggests s* +c? = 
2. factorisation of LHS 
3. rearrange and simplify. 


_ sin? 2A +2 cos 2A —1 
- sin? 2A +3 cos 2A —3 


(1 —cos?2A) +2 cos 2A —1 
(1 — cos? 2A) +3 cos 2A — 3 


cos 2A(2 —cos 2A) 

~ 3.cos 2A —cos?2A —2 
cos 2A(2 — cos 2A) 

(cos 2A — 1)(2 — cos 2A) 


_ cos 2A 
7 (cos 2A — 1) 


1 
1—sec 2A 


RHS. 


divide numerator 
and denominator 
by cos 2A 
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sin(A+45°) — cos(A+45°) a pleey, 


cos(A+45°) — sin(A + 45°) 


Eyeballing and Mental Gymnastics 


. (A+45°) suggests expansion of “compound angle” 
. 2A suggests “double angle” 

. sec = 1/cos 

. common denominator 

. rearrange and simplify. 


nABRWN Re 


sin(A+45°) — cos(A + 45°) 


aS eS 
. cos(A+45°) — sin(A + 45°) 


sin?(A + 45°) + cos?(A + 45°) 
cos(A + 45°) sin(A + 45°) 
1 
cos(A + 45°) sin(A + 45°) 
2 
2 cos(A + 45°) sin(A + 45°) 
2 
sin 2(A + 45°) 
2 
sin(2A + 90°) 


See since sin(x + 90) 


cos 2A =<60s x 


= 2 sec 2A 


= RHS. 


(turns out that the problem is easier than expected, as the use of common 
denominator resulted in s” +c” = 1; hence there is no need to expand (A + 
45°)!) 


Level-Two-Games 


sin A(4 cos”A — 1) 


tan A+tan 2A = 


cos A cos 2A 


Eyeballing and Mental Gymnastics 


1. t=s/c 
2. 2A suggests expansion of “double angle” 
3. rearrange and simplify. 


LHS = tan A + tan 2A 


sinA  sin2A 
cosA  cos2A 


sin A cos 2A + sin 2A cos A 
cos A cos 2A 


cos A cos 2A 


sin A(2 cos*A — 1+2cosA) 
cos A cos 2A 


__ sin A(4 cos* A — 1) 
7 cos A cos 2A 


= RHS. 


sin A(2 cos*A — 1) + cos A(2 sin A cos A) 
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(tan A —cosec A)* — (cot A — sec A)* = 2(cosec A — sec A) 


Eyeballing and Mental Gymnastics 


1. t=s/c, cosec = 1/sin, cot = c/s, sec = 1/cos 
2. ( )* suggests s? +c? = 
3. rearrange and simplify. 


LHS = (tan A — cosec A)* — (cot A — sec A)? 
= (tan? A — 2 tan Acosec A + cosecA) 
—(cot?A —2 cot A sec A+ sec” A) 
= (tan? A — sec? A) + (cosec7A — cot” A) 


sin A 1 cosA 1 
cosA sinA 


2 2 


| 
T . 
cosA  sinA 


1 1 
= 
sinA cosA 


= 2(cosec A — sec A) 


sinA cosA 


= RHS. 
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2 sin 2A(1 —2 sin? A) = sin 4A 


Eyeballing and Mental Gymnastics 
1. sin 4A suggests sin 2(2A) 


2. (1—2sin*A) equals cos 2A 
3. rearrange and simplify. 
LHS = 2 sin 2A(1 —2 sin”A) 
= 2 sin 2A cos 2A 
= sin4A 
= RHS. 


Alternatively since sin 4A is a standard expression we can proceed with the 
RHS. 


RHS = sin 4A 
= 2 sin 2A cos 2A 
= 2 sin 2A(1 —2 sin? A) 


= LHS. 
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cos 3A = 4cos*A —3cosA 


Eyeballing and Mental Gymnastics 


1. 3A suggests double expansion of “compound angle” 
2. rearrange and simplify. 
LHS = cos 3A 
= cos(2A +A) 
= cos 2A cos A — sin 2A sin A 
= cos A(cos”A — sin” A) — sin A(2 sin A cos A) 
= cos? A —sin?A cos A —2 sin?A cos A 
= cos*A—3sin?A cos A 
= cos? A — 3 cos A(1 —cos*A) 
= cos*A—3cosA+3cos?A 
= 4cos*A—3cosA 


= RHS. 
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32 cos® A — 48 cos*A + 18 cos? A — 1 = cos 64 


Eyeballing and Mental Gymnastics 
1. cos 6A on RHS suggest “double angle” formula for (3A) 
2. 3A suggests expansion of “triple angle” 
3. this is one of the rare occasions where it may be easier to start with the simpler 
RHS 
4. rearrange and simplify. 
RHS = cos 6A 
= cos 2(3A) 
= 2 cos*(3A) —1 
= 2(4cos*A—3 cos A)? —1 see previous 
proof 
— 2 cos” A(4cos”A —3)?—1 
= 2 cos” A(16 cos*A + 24 cos”?A +9) —1 
= 32 cos°A + 48 cos*A + 18 cos*A — 1 


= LHS. 
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cos 44 +4 cos 2A +3 =8cos*tA 


Eyeballing and Mental Gymnastics 


1. cos 4A, cos 2A suggest expansion of “double angle” 
2. rearrange and simplify. 


LHS = (cos 4A) +4 cos 2A +3 
= (2 cos*2A — 1) +4 cos 2A+3 


= 2cos?2A+4cos 2A +2 
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Eyeballing and Mental Gymnastics 


1. sin 3A, cos 3A suggest expansion of “compound angle” 
2. rearrange and simplify. 


_ sin3A  cos3A 


LHS - - 
sin A cos A 


(3sinA—4sin°A) 4(cos*A—3cos A) _ |see proofs 


: sin A = cosA on p. 324 
and 340 
_ sinA(3—4sin*A) cos A(4cos”A — 3) 
sin A cos A 


= 3—4sin*?A—4cos*A+3 
= 6—4(sin? A + cos” A) 
=6-4 
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cos 4A 


7 
4 


A] 


sintA+cos*A = 


Eyeballing and Mental Gymnastics 


1. The cos 4A on the RHS, a standard function, suggests that it may be easier to 
start with the RHS through a double expansion of cos 2(2A) 
2. rearrange and simplify. 


1 
RHS = 7 +5 cos 4A 
1 
= 3+5 (2.0s?2A-1) 
Ble eaglt of 
= 4 _ ha: 
413 08 ii 
1 1 
= 5 +5 (2c0s°A — 1)” 
fl 4 2 
= 5 +5 (4cos'A —4 cos" A + 1) 


1+2cos*A—2cos?A 


= cos*A + cos*A —2 cos*A +1 
= cos*A + (cos”A — 1)? 


cos*A + (sin? A)? 


=costA+sin*A 


LHS. 
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8 cos*A — 4 cos 2A —3 = cos 4A 


Eyeballing and Mental Gymnastics 


1. cos 4A on the RHS is a standard expression and suggests the expansion of 
cos 4A — cos 2A — cos A 
2. hence, easier to begin from the RHS 
3. rearrange and simplify. 
RHS = cos 4A 
= cos 2(2A) 
= 2cos?(2A) —1 
= 2(2 cos*A— 1)? = 1 
= 2(4cos*A—4cos*A+1)—1 
= 8costA—8cos?A+2-—1 
= 8cos*A—4(2 cos?A—1)—2-1 
= 8cos*A—4 cos 2A —3 


= LHS. 
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1—8 sin? A cos?A = cos 4A 


Eyeballing and Mental Gymnastics 


1. cos 4A — standard expression; therefore easier to begin with RHS and expand 
twice cos 4A — cos 2A — cosA 
2. s*, c? suggest s*-+c? = 
3. rearrange and simplify. 
RHS = cos 4A 
= 2cos*(2A)—1 
= 2(2 cos*A—1)?-1 
= 2(4cos*A—4cos*A+1)—1 
= (8 cos*A — 8 cos?A+2)—1 
= 8 cos” A(cos*A—1)+1 
= 8 cos*A(—sin?A) +1 
= 1-8 sin?Acos”A 


= LHS. 
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1—cos2A+sinA _ 


ee an 4 
sin 2A +cosA or, 


Eyeballing and Mental Gymnastics 


1. 2A suggests expansion of “double angle” 
2. t=s/c 
3. rearrange and simplify. 


LHS — 1—cos2A+sinA 
sin 2A +cos A 
__ 1=(cos?A —sin*A) + sin A 
7 2sinA cosA+cosA 
_ (cos?A + sin” A) — (cos?A — sin A) + sin A 
— cos A(2 sin A + 1) 
_ 2 sin? A + sin A 
~ cos A(2 sinA +1) 
_ sinA (2 sinA +1) 
~ cosA (2sinA+1) 


=tanA 


= LHS. 
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Angles in a Triangle 


(A+B+C) = 180° 


A B 
sinA+sin B+sinC = 4cos 7 008 7 008 5 


Eyeballing and Mental Gymnastics 


1. (sinA+sin B) suggests sin S+sin T formula 
2. C= 180°— (A+B) 

3. A/2, B/2,C/2 suggest “half angle” formula 
4. rearrange and simplify. 


see next page 


LHS = sin A+sin B+sin C 


=2 sin 


=2.in ( 


=2 cos a 2 cos ot cos (28) 
2 4 


C A 
=4cos — cos — cos = 
2, 2 


A B Cc 
=4cos — cos 7 008 = 


=RHS. 


2 


cos 


ae 
cos 
2 


(A—B) 


B 
2 


2 
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+sin C 


(AB) 
a 


2 


-COS 


C C 
+2 sin — cos — 


2 


+2 sin 2 cos E 
2 2 


ain cos { 90° E = Cos 
2 2 


|cos(—B) = cos B 
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sin A cos B cos C 
+ sin BcosC cosA 


sin(A+B+C)?= 


+ sinC cos A cos B 
—sinA sin B sinC 


Eyeballing and Mental Gymnastics 


1. (A+B+C) suggests expansion of “compound angle” twice 
2. rearrange and simplify. 


LHS = sin(A + B+C) 


= sin(A + B)cos C+ cos(A + B) sinC 


cos C(sin A cos B + cos A sin B) 
+ sin C(cos A cos B — sin A sin B) 


sin A cos Bcos C+sin B cos C cos A 


+sinC cos A cos B—sinA sin B sinC 


= RHS. 


*Note that: 


this general identity is for any three angles A, B and C; they need not necessarily 
be for the three angles of a triangle. 
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Angles in a Triangle 


(A+B+C = 180°) 


sin A cos Bcos C+ sin B cosC cosA+sinC cos A cos B 


=sinA sin BsinC 


Eyeballing and Mental Gymnastics 


1. This identity is easiest proved as a follow-up from the previous proof of the 
general identity: 


sin A cos Bcos C 


in(A-+B+C) + sin BcosC cosA 
sin = 
+sinCcosA cos B 


— sin A sin B sinC 


2. sin(A+B+C) =sin 180° =0. 


Since sin(A + B+C) = sin 180° =0, 
sin A cos BcosC 


+ sin BcosC cosA 


+ sinC cos A cos B 


—sinA sin B sinC 


sin A cos BcosC 


+sinBcosCcosA > =sinAsinBsinC 


+sinC cos A cos B 


.. LHS = RHS. 


(This identity is extremely valuable for proving many subsequent identities in- 
volving the three angles of a triangle. Without knowledge of the preceding general 
identity, this identity is more difficult to prove. Try it out for yourself) 
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Angles in a Triangle 


(A+B+C) = 180° 


sin 2A + sin 2B + sin 2C = 4 sin A sin B sin C 


Eyeballing and Mental Gymnastics 


1. sin 2A + sin 2B suggests sin S+ sin T formula 

2. sin 2C suggests “double angle” formula 

3. (A+B+C) = 180° therefore express values for (180° —C) in terms of A+B 
4. rearrange and simplify. 


LHS = sin 2A + sin 2B + sin 2C 


2A+2B 2A —2B 
=2sin - ) cos ( 5) ) +2 sin eos 


= 2 sin(A + B)cos(A — B) +2 sin C cos C 


= 2 sinC cos(A — B) —2 sin C cos(A + B) see identities 


below 


= 2 sin C(cos(A — B) —cos(A + B)) 


(A—B)+(A+B) . (A—B)-(A+B) 
——— i aa 


= 2 sinC(—2 sin A sin(—B)) 


=2sinC (-2 sin 


= 4sinC sinA sin B 
— 4sinA sin B sinC 
= RHS. 


sin(A +B) = sin(180° — (A+ B)) cos C = —cos(180°—C) 
= sinC = —cos(A + B) 
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Angles in a Triangle 


(A+B+C) = 180° 


355 


sin 2A + sin 2B + sin 2C = 4 sin A sin B sinC 


For this beautiful identity let’s explore a second approach. 


Eyeballing and Mental Gymnastics 


1. 2A, 2B, 2C suggest expansion of “double angles” 
2. A+B+C= 180° 


3. rearrange and simplify. 


LHS = 


sin A cos B cos C 
sin BcosC cosA 
sinC cos A cos B 


sin 2A + sin 2B + sin 2C 
2 sin A cos A 

+2 sin B cos B 

+2 sin C cos C 

2 sin A(sin B sin C — cos B cos C) 

+2 sin B(sin C sin A — cos C cos A) 

+2 sin C(sin A sin B—cos A cos B) 

6 sin A sin B sin C — 2 sin A cos B cos C 
—2sin BcosC cosA 
—2sinC cos A cos B 

6 sin A sin B sin C — 2(sin A sin B sin C) 

4sin A sin B sinC 

RHS. 


cos A = cos{180° — (B+C)] 
= —cos(B+C) 
= sin B sinC —cos BcosC 


sin(A+B+C) 
~ + sin A sin B sin C 


see identities 
below 


from previous 
proof on p. 353 


|A = 180° — (B+C) 


sin(A +B+C) 
= sin(180°) 
=0 


356 Trig or Treat 


Angles in a Triangle 


(A+B+C) = 180° 


tan A+tan B+tan C = tan A tan B tan C 


Eyeballing and Mental Gymnastics 


1. t=s/c 
2. (A+B+C) = 180° 
3. rearrange and simplify. 


LHS = tan A + tan B+ tanC 


snA sinB- sinC 
cosA cosB cosC 


sin A cos BcosC + sin Bcos C cosA+sinC cos A cos B 
cos A cos B cos C 


= sin A sin B sin C see identity* 
cos A cos B cos C below 

= tan A tan B tanC 

= RHS. 


*For (A +B+C) = 180° 


sin A cos B cos C from previous 
+sinBcosC cosA } =sinA sin B sinC proof on p. 353 
+sinCcosA cos B 


An alternative proof is to begin with tanC = —tan(A +B) with expansion of 
tan(A + B) so that tan A + tan B can be expressed in terms of tan A, tan B and 
tan C. Try it. 
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Angles in a Triangle 


(A+B+C) = 180° 


_ A, B.C 
cosa cos. Bs cos C SAsin 7 sin sin 5 te 


Eyeballing and Mental Gymnastics 


1. cosA+ cos B suggests cos S+ cos T formula 
2. since (A+B+C) = 180°, then C/2 is complementary angle of (A+ B)/2; 
i.e. (90—(A+B)/2) 


3. rearrange and simplify. 


LHS = (cos A+cos B)+(cos C) 


A+B A-B é: 
= (20 5 COs 5 )+(1-2sin?) 


A 

=2 sin S cos 41=V sin? — 

C = 
=2in § (co 5 sin) 41 
errs COs Be gee +1 

2 2 2 
_ Cc si 1 eo are . 1fA-B A+B 4 
=2 sin 5 sin 5 5 5 sin 5 5 5 
ogne 2a Ss =B +1 

2 2 2 
pees 2 eg 

2 2 2 
Be he ea ee 

2 2 2 
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5A A 
cos 3A +cos 2A = 2 cos “a cos OY 


Eyeballing and Mental Gymnastics 


1. cosS+cos T =2cos(S+T)/2 cos(S—T)/2 
2. rearrange and simplify. 


LHS = cos 3A + cos 2A 


3A +2A 3A —2A 


= 2 cos cos 
2 


5A 
= 2 cos — cos — 


2 2 
= RHS. 
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sin 5A — sin 3A =2 sin A cos 4A 


Eyeballing and Mental Gymnastics 


1. sin S—sin T =2cos(S+T)/2 sin(S—T)/2 
2. rearrange and simplify. 


LHS = sin 5A + sin 3A 


5A+3A . 5A-—3A 


= 2 cos sin 
2 


=2cos 4A sinA 
= 2sinAcos 4A 
= RHS. 


359 


360 Trig or Treat 


snA+snB _ 


sinA—sinB 


Eyeballing and Mental Gymnastics 


. sinS+sin T =2sin(S+T)/2cos(S—T)/2 
; sin S—sin T =2cos(S+T)/2cos(S—T)/2 
3. rearrange and simplify. 


LHS — sin A+ sin B 


Level-Three-Games 


sin B 
= tan(A + B) 


cos B 


Eyeballing and Mental Gymnastics 


1. sinS+sinT 
cos $+ cos T 
2. rearrange and simplify. 


sin(2A + B) + sin B 


LHS = —@——_. 
cos(2A + B) + cos B 
2A+B +B)— 
jg EE 5 eA BSE 
_ 2 2 
2 2 
_ 2sin(A+B)cosA 
~ 2cos(A+B)cos A 
= tan(A + B) 


= RHS. 
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cosA-+cos B A+B A-B 
———— = —cot —— cot —— 
cos A —cos B 2, 2 


Eyeballing and Mental Gymnastics 


1. cos S+cos T 
2. cos $—cosT 
3. rearrange and simplify. 


cosA-+cos B 


LHS = —————— 
cos A —cos B 


2 cos 


A+B A 
—2 sin = i 


Level-Three-Games 


Eyeballing and Mental Gymnastics 


1. sinS+sinT 
2. cos S+cos T 
3. rearrange and simplify. 


LHS — sinA+sin B 
cosA-+cos B 


A+B 
2 sin a 


A+B 
2 cos a 


cos 
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sin A — sin B A+B 
—————— = —cot —— 
cos A —cos B 2 


Eyeballing and Mental Gymnastics 


1. sin S—sin T 
2. cos $—cosT 
3. rearrange and simplify. 


sin A — sin B 


LHS = —————— 
cos A —cos B 


A+B . A-B 
2 cos 


A+B _A 


—2 sin sin —— 


A+B 


COS 


Se) 
_ A+B 
sin 
2 
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sinA+sin3A _ 


fe Sora 
2 sin 2A ee 


Eyeballing and Mental Gymnastics 

1. sinS+sinT 

2. rearrange and simplify. 

sin A + sin 3A 
2 sin 2A 


A+3A A-—3A 
cos 


2 sin 2A 


__ 2 sin 2A cos(—A) 
- - 2 sin 2A 


LHS = 


2 sin 


365 
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sin 4A — sin 2A 
=tanA 


cos 4A + cos 2A 


Eyeballing and Mental Gymnastics 


. sin 4A — sin 2A suggests sin S— sin T 

. cos 4A + cos 2A suggests cos S+ cos T 
.t=s/c 

. rearrange and simplify. 


BRWNe 


sin 4A — sin 2A 
cos 4A + cos 2A 


4A+2A , 
—— sin 


LHS = 
4A —2A 
2 cos ———. 


2 
4A + 2A 4A —2A 
2 cos pean —7_ 


sin A 


cos A 


=tanA 


= RHS. 
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cos A—cos3A _ 


sin 3A +sinA 


Eyeballing and Mental Gymnastics 


1. cos $—cosT 
2. sinS+sinT 
3. rearrange and simplify. 


cos A—cos 3A 
sin 3A +sinA 


A+3A . A—3A 
sin 


LHS = 


—2 sin 


= _A+3A A—3A 
2 sin Os 
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cosA+cos3A _ 


——_——. =cosA 
2 cos 2A 


Eyeballing and Mental Gymnastics 


1. cos S+cos T 
2. rearrange and simplify. 


cos A+ cos 3A 
2cosA 


A+3A A-—3A 
cos 
2 2 


2 cos 2A 


__ 2. cos 2A cos(—A) 
7 2cos 2A 


LHS = 


2 cos 


= cos(—A) 
=cosA 


= RHS. 


Level-Three-Games 


in A—sin3A 
eo =2sinA 


sin? A —cos2A 


Eyeballing and Mental Gymnastics 


1. sin A — sin 3A suggests sin S— sin T formula 
2. s*—c? suggests cos 2A = c? — s* 
3. rearrange and simplify. 


sin A — sin 3A 
LHS = — 
sin* A —cos2A 


AOA 3) Al 3A 


2 cos 


sin 
2) 
—cos 2A 


__ 2. cos 2A sin(—A) 
7 —cos 2A 


=2sinA 
= RHS. 
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sin(A + B) — sin(A — B) nee 
= tan 


cos(A + B) + cos(A — B) 


Eyeballing and Mental Gymnastics 


1. sin S—sin T 
cos S—cos T 
2. rearrange and simplify. 


sin(A + B) — sin(A — B) 


LHS = MJ 
; cos(A + B) + cos(A — B) 


(A+B)+(A-B) . (A+B)-(A-B) 


205 5 
“ A+B)+(A—B A+B)—(A—B 
Fcog AE B)+—B) (ATB)- (4-8) 
2 2 
_ sinB 
~ cosB 
= tan B 


= RHS. 
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cos A — cos 5A 
sin5A+sinA 


= tan 2A 


Eyeballing and Mental Gymnastics 


1. cos $—cosT 
2. sinS+sinT 
3. rearrange and simplify. 


LHS 


cos A —cos 5A 
sin 5A +sinA 


AA dA... -A=DA 


—2 sin sin 


A+5A A-—5A 


2 sin 


5) COS 5) 


—sin(—2A) 
cos(—2A) 


sin 2A 
cos 2A 
tan 2A 


= RHS. 
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sin A+ sin 2A + sin 3A 


————— =tan2a 
cos A+cos 2A + cos 3A 


Eyeballing and Mental Gymnastics 


1. sinA + sin 2A + sin 3A, cosA + cos 2A + cos 3A suggest sinS + sinT and 
cos $+ cos T formulas using A and 3A 

2. t=s/c 

3. rearrange and simplify. 


LHS — sin A + sin 2A + sin 3A 
~ cosA+cos 2A + cos 3A 


sin 2A + (sin A + sin 3A) 
cos 2A + (cos A + cos 3A) 


A+3A A—3A 
sin 24+ (2sin a ) 


cos 
2 


A+3A ) 
cos — 


cos 2A + (2 cos 


__ sin 2A + (2 sin 2A cos(—A)) 
cos 2A + (2 cos 2A cos(—A)) 
_ 3sin2A 
3 cos 2A 
_ sin 2A 
cos 2A 
= tan 2A 


= RHS. 
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Eyeballing and Mental Gymnastics 


1. sinS+sinT 
2. cos S+cos T 
3. rearrange and simplify. 


sin 4A + sin 2A 


LHS = 


4A + 2A 


2 
4A + 2A 


2 sin 


2 cos 


sin 3A cos A 


~ cos 3A cos A 
= tan 3A 
= RHS. 


cos 4A + cos 2A 


co 


N 


4A —2A 
2 


374 


Eyeballing and Mental Gymnastics 


1. cos S—cos T 
2. sinS—sinT 


3. rearrange and simplify. 


Trig or Treat 


cos A — cos 3A 
sin 3A —sinA 


= tan 2A 


LHS = 


cos A—cos 3A 
sin 3A — sinA 


A+3A 


—2 sin 


SAS Ae < 
sin 


2 cos 


sin 2A sin(—A) 
cos 2A sinA 
sin2A sinA 
cos2A sinA 
tan 2A 


= RHS. 
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Eyeballing and Mental Gymnastics 


1. sinS+sinT 
2. cos S+cos T 
3. rearrange and simplify. 


sin 4A + sin 8A 
cos 4A + cos 8A 
4A + 8A 4A —8A 


LHS = 


2 sin cos 5 
= 4A+8A  4A—8A 
2 cos COs 
2 
_ sin 6A 
~ cos 6A 
= tan 6A 


= RHS. 
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sin4dA —sin8A _ 
cos 44 —cos 8A 


Eyeballing and Mental Gymnastics 


1. sin S—sin T 
2. cos S+cos T 
3. rearrange and simplify. 


sin 4A — sin 8A 
cos 4A — cos 8A 
4A+ 8A 


LHS = 


2 cos 


4A + 8A 
2 


cos 6A 
sin 6A 


—cot 6A 


—2 sin 


RHS. 


II 


—cot 6A 


sin 


sin 


4A —8A 


2 
4A —8A 
2 
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cos 4A — cos 8A 
cos 4A + cos 8A 


Eyeballing and Mental Gymnastics 


1. cos $—cosT 
2. cos S+cos T 
3. rearrange and simplify. 


LHS — cos 4A — cos 8A 


377 


= tan 2A tan 6A 


~ cos 4A +cos 8A 
. 444+8A . 44-8A 
—2 sin sin ie 
4A + 8A 4A —8A 
2 cos cos 
2 
sin6A_ sin(—2A) 
cos 6A cos(—2A) 
_ sin6A sin2A 
~ cos6A_ cos 2A 
= tan 2A tan 6A 


= RHS. 


378 Trig or Treat 


sin4A+sin8A _ —tan6A 
sin4dA—sin8A _—— tan 2A 


Eyeballing and Mental Gymnastics 


1. sinS+sinT 
2. sin S—sin T 
3. rearrange and simplify. 


sin 4A + sin 8A 
sin 4A — sin 8A 


4A + 8A 4A —8A 
cos 


LHS = 


2 sin 


a eee Lae 
= 4A+8A . 4A4—8A 
2 cos sin 
2 2 
_ sin6A_ cos(—2A) 


~ cos 6A sin(—2A) 


cos 2A 
= tan 6A- (=) 


—sin 2A 


_- tan 6A 
tan 2A 


= RHS. 
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sin 5A +2 sin 3A+sinA = 4 sin 3A cos?A 


Eyeballing and Mental Gymnastics 


1. sin5A+2 sin 3A+sinA suggests sin S+ sin T formula using 5A and A to give 
3A which is present on both LHS and RHS. 
2. rearrange and simplify. 


LHS = sin5A+2sin3A+sinA 
= (2 sin 3A) + (sin 5A + sin A) 


A+A A-—A 
= (2 sin 3A) + (2sin ze see ) 


2 2 
= 2 sin 3A +2 sin 3A cos 2A 


= 2 sin 3A(1 + cos 2A) 

= 2 sin 3A(1 + (2 cos”A — 1)) 
= 2 sin 3A(2 cos*A) 

= 4 sin 3A cos*A 


= RHS. 
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1—cos2A+cos 4A —cos 6A =4 sin A cos 2A sin 3A 


Eyeballing and Mental Gymnastics 


1. cos 4A, cos 6A suggest cos S— cos T 
2. (1—cos 2A) suggests 1—cos2A =2sin*A 
3. rearrange and simplify. 


LHS = 1 —cos 2A +cos 4A — cos 6A 


= (1 —cos 2A) + (cos 4A — cos 6A) 


= (2 sin?A) + (-2 sin (A) sin (* . “)) 


= (2 sin? A) — (2(sin 5A) sin(—A)) 


= 2sin*A+2sinA sin 5A 


= 2 sin A(sin A + sin 5A) 


A+5A A—5A 
= sin (2 sin _ 2 ) 


cos 5 
= 4sin A(sin 3A cos(—2A)) 
= 4sin A sin 3A cos 2A 


= 4sin A cos 2A sin 3A 


= RHS. 


Level-Three-Games 


cos 2A — cos 4A 


————— — tan 3A tan A =0 
cos 2A + cos 4A 


Eyeballing and Mental Gymnastics 


1. cos S—cos T 
2. cosS+cosT 
3. t=s/c 
A 


. rearrange and simplify. 


__ COS 2A — cos 4A 
~ cos 2A+cos 4A 


; (=) ; (==) 
—2 sin 5 sin 5 
DAMA aA ene ene 
2 cos cos 
2 2 
sin 3A _sin(—A) 


= ———_ -——— _ ~— tan 3A tanA 
cos 3A cos(—A) 


—tan 3A tanA 


= tan 3A tan A — tan 3A tan A 
=0 
= RHS. 
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sin2A+sin4A  tan3A 


sin 2A — sin 4A « tan A 7 


Eyeballing and Mental Gymnastics 


. sinS+sin T 

. sin S—sin T 

.t=s/c 

. rearrange and simplify. 


BRWN eR 


sin2A+sin4A  tan3A 
sin2A—sin4A | tanA 


+ 
) 2A : 4A 2A — 4A a 
_ ait tan 3A 


- mn FS) (= = % tan A 


__ sin 3A _cos(—A) a). tan 3A 
~ cos 3A sin(—A) Ay tan A 


1 t A 
= tan 3A: { — + ane 
tan A tan A 


LHS = 


tan3A  tan3A 
tan A tan A 
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cos 2A — cos 10A = tan 4A(sin 2A + sin 10A) 


Eyeballing and Mental Gymnastics 


. (cos 2A —cos 10A) suggest cos S—cos T 

. (sin 2A + sin 10A) suggests sin S+ sin T 

. both sides are complex; ... may have to simplify both sides 
. tan 4A may come from (10A — 2A) /2 

. rearrange and simplify. 


AB WN Re 


LHS = cos 2A — cos 10A 


. (AS) . (a*) 
= —2 sin 5 sin 7 uae 


= —2 sin 6A sin(—4A) 


= 2 sin 6A sin 4A. 


RHS = tan 4A(sin 2A + sin 10A) 


= tan 4A (2 sin (= “) cos a 


2 
= tan 4A(2 sin 6A) cos(—4A)) 


= tan 4A -2 sin 6A cos 4A 


sin 4A 


= da -2 sin 6A cos 4A 


= 2 sin 6A sin 4A 


.. LHS = RHS. 


)) 
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sin 2A + sin 4A — sin 6A = 4 sin A sin 2A sin 3A 


Eyeballing and Mental Gymnastics 


1. sin 2A — sin 6A suggests sin S— sin T formula 
2. sin 4A suggests “ double angle” formula to give 2A 
3. rearrange and simplify. 


LHS = sin 2A + (sin 4A) — sin 6A 


2A+6A , 2A—6A 
sin 
2 2 


= 2 cos 4A sin(—2A) + sin 4A 


= 2cos 


+ (sin 4A) 


= —2 0s 4A sin 2A + 2 sin 2A cos 2A 


= 2 sin 2A(cos 2A — cos 4A) 


=2sin 2A (-2 sin aE at 


sin — 
= 2 sin 2A(—2 sin 3A sin(—A)) 

= 2 sin 2A(2 sin 3A sin A) 

= 4sin A sin 2A sin 3A 


= RHS. 
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cos 3A +2 cos 5A+cos 7A = 4cos?A cos 5A 


Eyeballing and Mental Gymnastics 


1. cos 3A, cos 7A suggest cos $+ cos T formula 
2. rearrange and simplify. 


LHS = cos 3A +2cos 5A +cos 7A 


= (cos 3A+cos 7A) +2 cos 5A 


( 3A +7A TA—3A 
= (2cos 


cos 5) ) +2 cos 5A 


= (2 cos 5A cos 2A) +2 cos 5A 
= 2 cos 5A(cos 2A + 1) 

= 2 cos 5A(2 cos*A —1+1) 

= 4 cos”A cos 5A 


= RHS. 
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1+cos 2A +cos4A+cos 6A = 4cos A cos 2A cos 3A 


Eyeballing and Mental Gymnastics 


1. cos 2A, cos 4A suggest cos $+ cos T formula 
2. cos 6A suggests cos 2(3A) 
3. rearrange and simplify. 


LHS = 1+ cos 2A +cos 4A + cos 6A 


2A + 4A 2A —4A 
cos 
2 2 


= 1+2 cos 3A cos(—A) + cos 6A 


—1+2cos +cos 6A 


= 1+2. cos 3A cos A + cos 2(3A) 


= 1+2cos 3A cos A + (2 cos”3A — 1) 
= 2 cos 3A cos A +2 cos*3A 


= 2 cos 3A(cos A + cos 3A) 


A+3A A—3A 
= 20s 34 (2.0s = : =) 


COs 
2 


= 4 cos 3A cos 2A cos(—A) 
= 4cos A cos 2A cos 3A 


= RHS. 
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1—cos2A+cos 4A — cos 6A =4 sin A cos 2A sin 3A 


Eyeballing and Mental Gymnastics 


1. cos 2A, cos 4A suggest cos S—cos T 
2. cos 6A suggests cos 2(3A) 
3. rearrange and simplify. 


LHS = 1 —cos 2A + cos 4A — cos 6A 


= 1+(cos 4A — cos 2A) — cos 6A 


sin 
2 2 


=1+ (-2 sin gato ae —cos 6A 


= 1 —2sin 3A sin A —cos 2(3A) 
= 1—2sin 3A sin A — (1—2sin?3A) 
= —2 sin 3A sinA +2 sin?3A 


= 2 sin 3A(sin 3A — sin A) 


sin 
2 


= 2 sin 3A (20 abawige aS) 


= 2 sin 3A(2 cos 2A sin A) 
= 4sin A cos 2A sin 3A 


= RHS. 
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tan 4A (sin 2A + sin 10A) = cos 2A — cos 10A 


Eyeballing and Mental Gymnastics 


.t=s/c 

. sinS+sin T 

. cos S—cosT 

. simplify both sides before comparison. 


BRWN eR 


LHS = tan 4A(sin 2A + sin 10A) 


= tan 4A (2 sin ae cos (a5) 


sin 4A ; 
= cad (2 sin 6A cos(—4A)) 


in 4A 
= ie 2 sin 6A cos 4A 
cos 4A 


= 2 sin 6A sin 4A 


RHS = cos 2A — cos 10A 
. {(2A+10A\ . (2A—10A 
= —2 sin | ————_ ] sin | ————— 
2 2 
= —2 sin 6A sin(—4A) 
= 2 sin 6A sin 4A 


LHS = RHS. 
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sin A(sin 3A + sin 5A) = cos A(cos 3A — cos SA) 


Eyeballing and Mental Gymnastics 


1. Both sides are complex; therefore it may be easier to simplify both sides before 
comparison 

2. sinS+sinT 

3. cos $S—cos T 

4. rearrange and simplify. 


LHS = sin A(sin 3A + sin 5A) 


= sinA (2 sin 


3A+5A ae 
ar ae 


= sin A(2 sin 4A cos(—A)) 
= 2sinAcosA sin 4A 


RHS = cos A(cos 3A — cos 5A) 


5) sin 5) 


A+5A A—5A 
= cosa (~2sin > ese 2 ) 


= cos A(—2 sin 4A sin(—A)) 
= 2sinAcosA sin4A 


LHS = RHS. 
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sin A(sin A + sin 3A) = cos A(cos A — cos 3A) 


Eyeballing and Mental Gymnastics 


1. Both sides appear to be complex and therefore there may be a need to simplify 
both sides before comparison is made 

2. sinS+sinT 

3. cos S—cos T 

4. rearrange and simplify. 


LHS = sin A(sin A + sin 3A) 


=sinA (2 sin cos 
2 


A+3A A-— =») 
= sin A(2 sin 2A cos(—A)) 
= 2sinAcosA sin 2A 


RHS = cos A(cos A — cos 3A) 


A+3A A—3A 
=cos A (~2in 5 i ) 


sin 5 
= cos A(—2 sin 2A sin(—A)) 
= 2sinAcosA sin 2A 


LHS = RHS. 


Level-Three-Games 391 


* 


tan A + tan(A + 120°) + tan(A + 240°) = 3 tan 3A 


Eyeballing and Mental Gymnastics 


BRWN rR 


. tan(A+ 120°), tan(A +240°), tan 3A suggest expansion of “compound angles” 
. tan 120° = tan(180° — 60°) = — tan 60° = —V3 

. tan 240° = tan(180° + 60°) = tan 60° = V3 

. both LHS and RHS are complex; therefore may have to expand both sides for 


ease of comparison 
5. tan 3A suggest tan(2A +A) and tan 2A expansions 
6. rearrange and simplify. 


LHS = 


tan A + tan(A + 120°) + tan(A + 240°) 


( tan A + tan 120° ) ( tan A + tan 240° ) 
tan A+ 


1 —tan A tan 120° 1 —tan A tan 240° 


aye tanA— /3 ro tanA+/3 
1+ V3tanA 1—V3tanA 


(tan A — /3)(1 — V3 tan A) + (tan A + V3)(1 + V3 tan A) 
(1+ V3 tan A)(1 — V3 tan A) 

tan A+ [(tan A — V3 tan?A — V3 +3 tan A) 

+ (tan A+ V3 tan*A + V34+3 tan A)]/(1 — 3 tan”A) 


8 tan A 
1—3tan2A 


tan A+ 


tan A+ 


tan A(1 —3 tan7A) + 8 tanA 
1—3tan?A 


9 tan A —3 tan?A 
1—3tan2A 

3(3 tan A — tan? A) 
1—3tan2A 
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RHS = 3 tan 3A 
= 3 tan(A+ 2A) 


tan A + tan 2A 
1 —tan A tan 2A 


ee 2tanA 
an — 
1—tan2A 


1—tanA _2tan A 
1—tan?A 


=3 


tan A(1 —tan?A)+2tanA 


Za 1—tan2A 
(1 —tan?A) — 2 tan?A 
1—tan2A 


_ tan A —tan?A+2tanA 
- 1—tan2A —2tan2A 


3(3 tan A — tan> A) 
1—3 tan?A 


.. LHS = RHS. 


An alternative proof is to write the second and third terms of the LHS in terms of 
sin/cos; then add them using common denominator, followed by “compound angle 
formula” for the numerator, and “cos $+ cos T formula” for the denominator. This 
second proof is shorter and more elegant. Try it out for yourself. 


*Note that there is greater beauty if the identity is written as: 


tan A + tan(A + 120°) + tan(A + 240°) = 3 tan(A + 360°). 


Of course, tan(A + 360°) = tan A. 


Addenda 


394 Trig or Treat 


Proof for sin(A + B) 


Fig. 1 


Addenda 395 
Proof for sin(A + B) 


Let us draw a right-angled triangle with angle A as in Fig. 1 (opposite page) 
then: sinA = O/H =sinA/1 
cos A = A/H =cosA/1 
Let’s add a second triangle with angle B to the first triangle. Figure 2 
(opposite page) 


O PR 
now: sin(A+B)= ae 
=PQ+QR (from Fig. 2) 


From geometry, we know that 4 QTO = B (alt £'s between // lines) 
Similarly, £QPT = B (both are complementary “s of £PTQ) 


For triangle POT, 

PQ_ PQ 
PT sinA 
.. PQ =sinA cos B 


cos B= 


For triangle TOS, 

TS QR 
OT ~ cosA 
“. OR=cosA sin B 


sin B = 


sin(A +B) = PQ+QR 
= sinA cos B+cosA sin B 


‘, sin(A + B) = sin A cos B+ cos A sin B 


396 
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Proof for cos(A + B) 


Addenda 397 
Proof for cos(A + B) 


From the Fig (opposite page) 


R R 
cos(A + B) = a — — 
= OS—RS 


LQTO = B (alt 4's between // lines) 


£QPT = £QTO (both are complementary angles to « PTQ) 
=B 


For triangle POT: 

QT QT 
PT sinA 
-. OT =snAsinB 


sin B = 


For triangle TOS; 

OS _ OS 
OT  cosA 
.. OS = cos A cos B 


cos B= 


cos(A+ B) = OS— RS 
= OS — QT (since RS=QT) 
= cos A cos B—sinA sin B 


‘, cos(A +B) = cos A cos B— sin A sin B 
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Proof for tan(A + B) 


sin(A + B) 


tan(A + B) = cos(A FB) 


= sin A cos B+ cosA sin B 
~ cosAcos B—sinA sin B 
tanA-+tan B divide all 


= 1—tanA tan B four terms by 
cos A cos B 


Substitute B by (—B) 


tan A + tan(—B) 
tan(A —B)) = ——— 
ana (= 2) 1 — tan A tan(—B) 


tan A —tan B 


- tan(A —B) = ——————_ 
( ) 1+tan A tan B 


Since tan(—B) = —tan B. 


Addenda 399 


Appetisers for Higher Trigonometry 


Mer By ely a Or 
Sas - ane x x8 
eer ye AN et Bi 
tan fees ae 
X=X ear? 
a. a5 
F 1x 1:3x% 1-3-5 tee 
arcsin x = x— = — = -——— > 
ert. 3: OAS OeANG. YF 
arctan me a 
x=x-— — a ere ce 
ae 
x2 a x4 
ef=14+5 +S eee cae 


(ix) | (ix? , (i? , (a 
if or af a 


I->4+—-Z4+L--- 


2! 4! 6! 8! 
ix iP iP 
1! 3! 5! 


e* =cosx+isinx 
e™ =cosa+isinz 
= (—1) +i(0) 


el —_ —1 
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